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Abstract
There is increasing need to assess the impact and the interpretation of dim = 6 and dim = 8 operators within the
context of the Standard Model Effective Field Theory (SMEFT). The observational and mathematical consistency of
a construct based on dim = 6 and dim = 8 operators is critically examined in the light of known theoretical results.
The discussion is based on a general dim = 4 theory X and its effective extension, XEFT; it includes elimination of
redundant operators and their higher order compensation, SMEFT in comparison with ultraviolet completions incor-
porating a proliferation of scalar and mixings, canonical normalization of effective field theories, gauge invariance
and gauge fixing, role of tadpoles when constructing XEFT at NLO, heavy-light contributions to the low energy limit
of theories containing bosons and fermions, one-loop matching, EFT fits and their interpretation and effective field
theory interpretation of derivative-coupled field theories.
Keywords: Effective Field Theories
PACS: 11.10.Gh, 11.10.Lm, 11.15.Bt
1. Introduction
Consider a four-dimensional theory, X , described by a Lagrangian L (4)X with a symmetry group G: the goal of this
work is to critically discuss some of the issues related to the construction of its “effective” extension; the XEFT
extension will be described by a Lagrangian
LX =L
(4)
X +∑
d>4
∑
i
a di
Λ4−d
O
(d)
i = ∑
d≥4
L
(d)
X , (1)
where Λ is the cutoff of the effective theory, a di are Wilson coefficients and O
(d)
i are G-invariant operators of mass-
dimension d involving theL (4)X fields. The definition of EFT extension requires a more detailed description for which
we need to consider X ′, the ultraviolet (UV) completion of X or the next theory in a tower of theories, X ′, X ′′ . . . . A
related point to consider: X is the leading order approximation of X ′ but a strictly renormalizable X has no encoded
information about the scale at which it stops being a meaningful representation of a complete theory. There are two
possibilities in going from X to X ′:
a) X ′ is based on G but contains heavy degrees of freedom belonging to some representation of G or
b) X ′ is based on a larger group F where F should contain G and X ′ should reduce to X at low energies.
An additional assumption is that there are no “undiscovered” degrees of freedom in X ′ that are light and weakly
coupled. More broadly, one generally excludes light particles, neutral under G, that interact with the X particles only
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through the exchange of new heavy particles. When X is the standard model (SM) and G = SU(3) × SU(2) ×U(1)
the most simple examples in category a) are the SM singlet extension and the THDMs, containing two scalar doublets,
see Ref. [1] for a review. In category b) an example is given by a non supersymmetric SO(10) [2] which breaks down
to the SM through a chain of different intermediate groups. Another example is SU(3)c × SU(3)L × U(1)Y, the
so-called 331 model [3]. The Lagrangian of Eq.(1) assumes that all the X degrees of freedom should be incorporated;
for the SM the EFTs are further distinguished by the presence of a Higgs doublet (or not) in the construction, see
Ref. [4] for a review. In the SMEFT the EFT is constructed with an explicit Higgs doublet, while in the HEFT (an
Electroweak chiral Lagrangian with a dominantly JP = 0+ scalar) no such doublet is included.
In the rest of this paper we discuss several issues that arise in constructing an EFT (up to and including dim = 8
operators), i.e. using XEFT context, we derive several results that are relevant to the challenges presented to present
and future theorists and experimentalists working to go beyond the SM:
¬ The traditional way of using an EFT is based on matching the EFT to the full theory in order to reproduce
the correct matrix elements, i.e. we choose the coefficients to be those appropriate for the full theory. After
the Higgs boson discovery we have a paradigm shift, i.e. we use the EFT for fitting the data; at this point the
“fitted” Wilson coefficients are the pseudo-data and we take a specific BSM model, compute the corresponding
low-energy limit and choose the BSM parameters to be those appropriate for the pseudo-data.
­ SMEFT assumes a Higgs doublet, so any mixing among scalars (in general among heavy and light degrees
of freedom) in the high-energy theory brings us to the HEFT/SMEFT dichotomy. Although there is a wide
class of BSM models that support the linear SMEFT description, this realization does not always provide the
appropriate framework.
® When looking at fitting the data and interpreting the results, several steps should be kept in mind. Fitting requires
a basis, something that everyone agrees on using, but any XEFT description truncated at dim = 6 level depends
on many choices; in particular a “ dim = 6-quadratic” description can be defined in many ways (for instance
by taking into account canonical normalization of the Lagrangian, scheme dependence in the renormalization
procedure or double insertion of dim = 6 operators), not only by the inclusion of (dim = 6)2 terms. A basis
is defined by eliminating redundant operators through field redefinitions (akas, equation of motion), however
the equivalence of two operators is a property of XEFT while it is possible for the X ′ theory to generate one
but not the other; so, in short, we may need to replace an operator involving a field (appearing in the dim = 6
XEFT basis) with an operator not involving that field (appearing in the low energy limit of X ′). Interpreting
the fits requires to translate the experimental bounds on the Wilson coefficients in one basis (the XEFT basis)
into limits on coefficients in another basis, the latter being computable functions of the parameters of X ′. This
requires our ability to change basis, a correspondence which is linear only at dim = 6 level.
¯ Details regarding the introduction of heavy-light contributions from X ′ to XEFT are also important and explicit
results are provided that highlight why they should not be ignored. Consider the set of one-loop diagrams in the
X ′ theory with light external legs: some of them contain heavy and light internal lines and, after computing the
low energy limit, produce non-local terms which are in correspondence with XEFT computed at one loop. It
is crucial to note that non-local terms (e.g. kinematic logarithms) arise from diagrams of the underlying theory
showing normal thresholds in the low-energy region. In this way one obtains comprehensive results showing
the downside of neglecting XEFT at one-loop, which should be seen as the leading term in the Mellin-Barnes
expansion of X ′. Heavy-light terms describe a multi scale scenario: the light masses, the Mandelstam invariants
characterizing the process and the heavy scale Λ.
° It is now generally accepted that a convenient formulation of SMEFT requires the so-called “canonical normal-
ization” which should be understood to mean “proper normalization of the sources entering the S-matrix”. This
procedure calls into question how we perform “gauge fixing” and how “gauge invariance” is preserved. We can
simultaneously redefine couplings, mixing angles and masses so that the part of the XEFT Lagrangian which
is quadratic in the fields has the same functional form of the original X Lagrangian but with transformed fields
and parameters. This redefinition will change how we set the X parameters input.
2
The paper is organized as follows. section 2 introduces the problem. In section 3 we discuss EoMs. In section 4
– section 6 we analyze different types of EFTs, from a simple theory containing one, real, scalar field to SMEFT.
The question of redundancy is discussed and other relevant issues are examined, e.g. canonical normalization of
the EFT, mixing among scalars in X ′, gauge invariance after canonical normalization, gauge fixing. In section 7 –
section 9 we study the so-called heavy-light effects when going from X ′ to XEFT and also their interplay with the
NLO extension [5] of XEFT. A final issue concerns operators belonging to the class φ22n and the interpretation of
derivative-coupled field theories that we discuss in section 10. Our conclusions are drawn in the final section.
2. General aspects of XEFT
In this section we give a summary of the main ingredients which are needed to study weakly interacting modifications
of the Higgs sector and the electroweak gauge sector of the SM.
The heavy scale.
The choice of Λ 1 in Eq.(1) is crucial when going from X ′ to X ; more details on this topic can be found in Refs. [7–9].
For instance, in any BSM model (e.g. the singlet extension of the SM) the scale Λ should not be confused with the
mass of the heavy Higgs boson (or with masses of new particles) – it is generally a ratio of mass and powers of
couplings. It is also relevant to observe that the low energy behavior of X ′ should be computed in the mass eigenbasis,
not in the weak eigenbasis.
Mixing.
The important point to stress is that the EFT extension of X , as defined in Eq.(1), requires absence of mixing between
heavy and light degrees of freedom. The argument is simple, consider the singlet extension of the SM (HSESM)
where we have one scalar doublet and one singlet; the SM scalar field Φ (with hypercharge 1/2) is
Φ=
1√
2
( h2+√2v+ iφ0√
2 iφ−
)
(2)
while the singlet is χ= 1/
√
2(h1+vs). There is a mixing angle such that
h = cosα h2− sinα h1 , H = sinα h2+ cosα h1 , (3)
are the mass eigenstates, one light Higgs (h) and one heavy Higgs (H).
Mixing and gauge invariance.
Of course the Lagrangian remains gauge invariant but gauge invariance of the low energy theory is more complicated
since we integrate the H field, and h does not transform as the SM Higgs boson, see sect. 3.5 of Ref. [9]. For instance
L (h , H = 0) alone is not invariant; of course the full L (h , H) is gauge invariant, but L (h , 0) is not. If the doublet
is the one in Eq.(2) we introduce
sinα =
∆s
Λ
+O
(
Λ−2
)
, cosα = 1− 1
2
∆2s
Λ2
+O
(
Λ−4
)
, (4)
where ∆s is a function of the parameters of the HSESM Lagrangian. At O
(
1/Λ2
)
we obtain
Φh =
1√
2
( h+√2v+ iφ0√
2 iφ−
)
=Φ− 1√
2
∆s
Λ
(h1+
1
2
∆s
Λ
h2)
( 1
0
)
, (5)
1For the role of Λ in two types of empirically equivalent EFTs, Wilsonian EFTs and continuum EFTs see Ref. [6].
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and Φh does not transform as a doublet. The infinitesimal transformations are:
h→ h+ 1
2
g cosα
(ΓZ
cW
φ0+Γ− φ++Γ+ φ−
)
,
H→ H+ 1
2
g sinα
(ΓZ
cW
φ0+Γ− φ++Γ+ φ−
)
,
φ0 → φ0− 1
2
g
ΓZ
cW
(cosα h+ sinαH+2
MW
g
)+
i
2
g(Γ− φ+−Γ+ φ−) ,
φ− → φ−− 1
2
gΓ− (cosα h+ sinαH+2
MW
g
+ iφ0)+
i
2
g
[
(c2
W
− s2
W
)
ΓZ
cW
+2sW Γ
A
]
φ− , (6)
where Γi, i = Z , A ,± are the parameters of the infinitesimal transformation and cW (sW ) is the cosine(sine) of the
weak mixing angle. To write the expansion of Eq.(6) we introduce
Φ†h = (h, φ0, φ−, φ+) , Γ† = (0,
ΓZ
cW
, Γ−, Γ+) , t1 =
(Γ− Γ+
0 0
)
, t2 =
(Γ− Γ+
iΓ− −iΓ+
)
. (7)
and also
Td =
( i ΓZcW τ2 t2
−t†2 −iX τ3
)
, Tnd =
( i ΓZcW τ2 t1
−t†1 0
)
, (8)
where τa are Pauli matrices and X = (c2W − s2W )ΓZ/cW +2sW ΓA . At O
(
1/Λ2
)
we obtain
Φh →
doublet︷ ︸︸ ︷
Φh−MW Γ+ g2 TdΦh−
g
4
∆2s
Λ2
TndΦh− g2
∆s
Λ
ΓH ,
H→ H− g
2
∆s
Λ
Γ†Φh . (9)
Working at O
(
1/Λ2
)
we can split the total Lagrangian into
LH=0 =LSM(h)+ ∑
n=0,2
Λ2n−2 δL6−2n , LH →L TG +L LG +L β . (10)
The sum over n in LH=0 is due to the expansion of sinα(cosα) in terms of Λ. After integrating out H in the H -
dependent Lagrangian we will have a tree generated effective Lagrangian,L TG =L TG0 +O
(
1/Λ2
)
, a loop generated
one and the tadpole contributions; for instance, LH=0 is not invariant under the transformation of Eq.(6) with α = 0
(no mixing) but the sum of LH=0 and of L TG0 restores invariance at O
(
1/Λ2
)
. The procedure can be iterated order-
by-order, i.e. the gauge transformations may be seen as generating new vertices in the theory and gauge invariance
requires that, for any Green’s function, the sum of all diagrams containing one Γ -vertex cancel. When sources are
added to the Lagrangian the field transformation generates special vertices that are used to prove equivalence of gauges
and simply-contracted Ward-Slavnov-Taylor identities [10–12]. Therefore, for any “transformed” Green’s function
we integrate the H field and, order-by-order in 1/Λ (including terms due to the expansion of the mixing), terms
containing one Γ -vertex continue to cancel (and WST identities to be valid).
The crucial point is that there is a substantial difference between integrating out [13, 14] the h1 field (as often done
in the literature) or the H field. The first choice overlooks the mixing but sinα is also a function of Λ and the limit
Λ→ ∞ (as well as the choice of Λ) should be taken consistently [9]. Furthermore, SMEFT at O (1/Λ2) reproduces
the effect of scalar mixing on interactions involving one light Higgs scalar, but fails otherwise [15, 16]; additionally,
the difference between integrating out h1 or H is at the level of dim = 8 operators, i.e. of O
(
1/Λ4
)
, and should not
be neglected when including dim = 8 terms.
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Examples of local operators appearing in this context are Φ6h or Φ2h 2Φ2h where Φ2h = h2 + φ0 φ0 + 2φ+ φ− (O(4)
invariant) and they should not be confused with Oφ and Oφ2 of the the basis commonly referred to as the “Warsaw
basis” [17], the latter being built with the SU(2) ×U(1) scalar doublet.
To summarize, if X is the SM and we have in mind an X ′ without mixing, then the EFT extension of the SM is what we
call SMEFT. It should be clear that a geometric formulation of the so-called HEFT [18–22] seems the most promising
road for general mixings in the scalar sector. For the developing of SMEFT and HEFT approaches, that are consistent
versions of EFTs, systematically improvable with higher order corrections, see Ref. [4].
As a side note, there are other approaches where the HSESM Lagrangian is augmented with higher dimensional terms,
therefore assuming a different underlying UV completion, and mixing effects are studied in this wider context [23].
Examples of extensions of the SM with general new vector bosons have been discussed in Ref. [24] where the full SM
gauge symmetry has been used to classify the extra vectors, see their tab. 2. It is worth noting that in their classification
mass mixing terms of SM and new vectors are forbidden by gauge invariance; however, there could be interactions
with the Higgs doublet that give rise to mass mixing of the Z and W bosons with the new vectors when the electroweak
symmetry is broken. The case with general scalar, spinor and vector field content and arbitrary interactions can be
found in Refs. [25–28].
More informations on extra scalar fields and mixing are discussed in Refs. [29, 30] where the notion of (approximate)
alignment is discussed. For instance, exact tree-level Higgs alignment is satisfied in the inert doublet model [31]
(IDM); in the IDM, the SM Higgs boson resides entirely in one of the two scalar doublets.
The question of gauge invariance can also be illustrated by starting with the SM Lagrangian and by integrating out
the massive electroweak gauge bosons, the Higgs boson, and the top quark fields. The gauge group of the resulting
low-energy effective field theory (LEFT) is QCD × QED [32, 33] and the photon is not the U(1) field in SU(3) ×
SU(2) ×U(1). Stated differently, W/Z are integrated out, not the SU(2) fields.
Proliferation of scalars and mixing.
The lack of discovery of beyond-the-SM (BSM) physics suggests that the SM is “isolated” [34], including small
mixing between light and heavy scalars. The small mixing scenario raises the following question: if there are may
scalars then we have to assume that there is at least the same small mixing for every one of them. This is no longer
accidental but systematic, and so must involve a principle, such as a symmetry or some other restriction to the theory
that enforces the small mixing. This principle is unknown, see Ref. [35] for a detailed discussion.
Bases, over-complete sets.
We now return to the XEFT defined by Eq.(1), in particular SMEFT; the main emphasis will be on consistency of the
theory and not on phenomenological applications. Buildind any XEFT means promoting a theory with a finite number
of terms into an effective field theory with an infinite number of terms and it is important to establish its consistency,
both observational and mathematical consistency. Let us return to the “infinite number of terms”: including every
operator allowed by G gives over-complete sets of d -dimensional operators, the well-known problem of redundancy.
Given two operators, O(d)i and O
(d)
j the set V
d is over-complete if all elements of the S-matrix depend on one linear
combination of a di and a
d
j .
Removal of redundant operators.
There are several sources of degeneracy, operators differing for a total derivative (IPB), operators related by Fierz
identities, Bianchi identities etc. Finally, we have the so-called EoM (equation of motion) degeneracy 2; usually we
find statements like “by using EoM we can remove . . .”, meaning that many linear combinations of operators “vanish
by the Equations of Motion”. The original analysis of dim = 6 operators can be found in Ref. [38]; the question of
redundancy has been initiated in Ref. [17], the so-called Warsaw basis, and continued in Refs. [39–49]. Extension to
2General aspects of EoM for EFTs have been discussed in Refs. [36, 37].
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dim = 8 with the introduction of novel techniques (Hilbert series) can be found in Refs. [50–54]. If one is interested
in the dim = 6 basis then the necessary EoMs are going to be used at O
(
1/Λ2
)
, i.e. we can derive them from L (4)
alone. This last statement, taken out of context, creates the impression that the dim = 8 basis requires EoMs used
naively at O
(
1/Λ4
)
; more details will be given in subsection 4.1.
To summarize: we can remove redundant operators directly in the Lagrangian, instead of having the “cancellation”
occur when the S-matrix element is constructed. To some extent we can compare this removal to the use of the ’t
Hooft-Feynman gauge instead of the more general Rξ gauge; since we know that the S-matrix elements do not depend
on ξ the calculation is more conveniently performed by starting with ξ = 1. On the other hand, keeping an arbitrary ξ
provides a powerful check on the final result. It has been pointed out in Ref. [55] that, even if the S-matrix elements
cannot distinguish between two equivalent operators O1 and O2, there is a large quantitative difference whether the
underlying theory can generateO2 or not. It is equally reasonable not to eliminate redundant operators and, eventually,
exploit redundancy to check S-matrix elements. In any case, redundancy means that we can only “measure” a 1+ a 2,
where a 1,2 are Wilson coefficients. Selecting a 1 = 0 or a 2 = 0 defines different bases, i.e. the equivalence relation
can be used to partition operators into equivalence classes, from which basis operators are selected.
PTG and LG.
Additional selection criteria have been introduced in Ref. [45], particularly that a basis should be chosen from among
Potentially-Tree-Generated (PTG) operators (as compared to LG, Loop-Generated operators). In Ref. [45] it is shown
that the SM Warsaw basis [30] for dim= 6 operators satisfies this criterion. Note that suppressing operators containing
field strengths by loop factors was shown to not be a model independent EFT statement in Ref. [56]. However, it has
been pointed out that the classes of operators generated at a given loop level do not form a vector subspace, in
general [57]. The appearance of an holomorphic structure has been discussed in Refs. [58, 59].
There is more: the introduction of “phenomenological truncation” will introduce ambiguities [48, 57]. For instance,
given a basis of operators one could then try to truncate by retaining only operators featuring a limited set of fields,
{f}, in that basis. But such a truncation certainly does not correspond to the class of theories with new physics in {f}.
If we change to a basis in which we replace an operator involving a field ∈ {f} with an operator not involving that
field, then the truncated space of physical operators that we obtain will also change.
In section 3 we will review the notion of higher order compensation of a d-dimensional redundant operator. Here
we need only recall that removing a redundant dim = 6 operator with a Wilson coefficient a 6R will propagate a
6
R into
the Wilson coefficients of dim = 8 operators. In the bottom-up approach it does not matter since we only “measure”
combinations of Wilson coefficients, linear in the a 8i coefficients and quadratic in a
6
R. Indeed, when constructing
the original EFT, one must include all possible operators consistent with the symmetries at every order in the 1/Λ
expansion. Thus, the shift due to the field redefinition can be absorbed into the coefficients of operators that are
already present in the theory. However, the low energy limit of the underlying theory may contain some O(8)X as well
as some O(6)R whose dim = 8 compensations contain O
(8)
X ; the Wilson coefficient a
8
X is now computable in terms of
the parameters of the underlying theory but what we “measure” at low energy is not a 8X.
In the previous argument and for the sake of simplicity we have neglected the mixing among Wilson coefficients: in
dimensional regularization, the UV divergences are of the form 1/(d−4)+ ln; after introducing counterterms the finite
part of the coefficient is fixed by matching (NLO) while the coefficient of the logarithm is the anomalous dimension
of the operator coefficient, telling us how the coefficient runs with scale. Not only do operator coefficients “run”,
like couplings, they can also“mix” into each other. This is true for renormalizable, or not, theories; if the underlying
theory is not known, the effective theory still has to be renormalized and infinities absorbed in the various couplings
or Wilson coefficients [60]. Of course, the great advantage of (strictly) renormalizable theories, is that there are a
finite number of terms in the Lagrangian.
X ′ −→ O(8)X
↓ ↗
O
(6)
R −→ O(6)Y ,O(6)Z . . .
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What we are discussing here should not be confused with the fact that one can constrain from data in the SMEFT
without reference to any ultraviolet (UV) completion, i.e. we can certainly treat SMEFT as a real field theory [5, 61].
One practical question that needs to be asked is whether or not the results of a dim = 6 , 8 fit can be translated into
weakly interacting extensions of the SM. Here many of the theoretical issues (can the language of higher-dimensional
Lagrangians be efficiently linked to the structure of ultraviolet completions of the SM gauge and Higgs sectors?)
cannot be separated from experimental uncertainties. To sum up:
¬ We want to study weakly interacting modifications of the Higgs sector and the electroweak gauge sector of the
SM.
­ For each of these models we construct the dim = 6 and dim = 8 Lagrangians, compute LHC observables and
EWPD, and compare the predictions from this Lagrangian and from the full model.
® The important point is that for our classes of models we can derive the structure of the Wilson coefficients. To
give examples we mention Refs. [62, 63] and Ref. [64] which introduces an exactly solvable large N model
which reduces at low energies to the SM plus the dimension six Higgs-gauge operators that are classified
as OφB,OφW,OφWB and OW in Ref. [30]; the corresponding Wilson coefficients are given in Eqs. 26−27 of
Ref. [64]. Can we derive the size of the Wilson coefficients from the fits? Stated differently [65], can we
interpret precision measurements as constraints on a given UV model? If we can make quantitative statements
then the question of higher order compensation of redundant operators becomes relevant.
3. Equation of Motion
Although well-known in the literature (it has been explicitly emphasized in Refs. [54, 66]), let us summarize what is
meant by “using EoM”. Consider a LagrangianL (4)+L (6) containing one real scalar field,
L (4) =−1
2
∂µφ∂µφ−
1
2
m2φ2− 1
4
λφ4 , L (6) =−1
2
a
Λ2
φ22 φ=− 1
Λ2
O2φ . (11)
If we perform the transformation
φ→ φ+ 1
2
a
Λ2
2φ= φ+ 1
Λ2
O , (12)
the Lagrangian transforms asL →L +∆L , with
∆L =
[δL (4)
δφ
− a
Λ2
22φ] 1
Λ2
O+
1
2
δ 2L
δφ2
1
Λ4
O2+ · · ·= δL
(4)
δφ
1
Λ2
O + higher orders
=
1
2
a
Λ2
φ22 φ− 1
2
a
Λ2
(m2 φ+λ φ3)2φ + higher orders . (13)
The term of second order in the derivatives cancels in the transformed Lagrangian and the S-matrix remains un-
changed. For a discussion on the Jacobian of the transformation and the inclusion of a source term see Refs. [67, 68].
Therefore, “using EoMs” means that the redundant operators are of the form
1
Λn
O
δL (4)
δφ
. (14)
Note that we have neglected higher order terms since the goal was constructing the dim = 6 Lagrangian. Of course
one could work at second order in Λ−2, including dim = 8 operators, etc.. The result is
L = L (4)+L (6)+L (8) ,
φ→ φ+ 1
Λ2
O , ∆L =
[δL (4)
δφ
+
δL (6)
δφ
] 1
Λ2
O+
1
2
δ 2L (4)
δφ2
1
Λ4
[
O
]2
,
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φ→ φ+ 1
Λ4
O ′ , ∆L =
δL (4)
δφ
1
Λ4
O ′ . (15)
As a side note, there is a diagrammatic proof of these relations, see sect. 10.4 of Ref. [69]. Normally we have
δL (4)/δφ=2φ+F(φ), where F is a polynomial in φ and the redundant operator is
1
Λn
O2φ . (16)
Of course it would be simpler to replace everywhere 2φ with −F(φ) but this is only consistent at O (1/Λn), i.e.
neglecting O
(
1/Λn+1
)
terms.
When XEFT is SMEFT and the group is G = SU(3) × SU(2) × U(1) we construct L (6)SM according to the work of
Ref. [17], obtaining the so-called Warsaw basis. The extension to higher dimensional bases is better performed using
the tool known as Hilbert series [52–54], where the output of the Hilbert series is the number of invariants at each mass
dimension, and the field content of the invariants. One can find in Ref. [70] a translation of the output of the Hilbert
series for SMEFT into a format that is useful for calculating Feynman rules. Therefore, in Ref. [70] one can find a
form ofL (8)SM where all redundant operators have been removed, after assuming thatL
(6)
SM is taken from Ref. [17].
We conclude re-emphasizing that, in fact, the effective field theory can be rewritten by freely using the naive classical
EOM (i.e. without gauge-fixing and ghost terms) derived from L (4), provided one considers only on-shell matrix
elements at first order in 1/Λ. In particular, the effective Lagrangian may be reduced by the EOM before (RG
improved) short-distance corrections are evaluated.
In the rest of the paper we are going to discuss the interplay between dim = 6 and dim = 8 redundances by means of
examples, starting from a scalar theory and ending with the SMEFT.
4. Scalar theory: SEFT
The construction of SEFT starts by considering a Lagrangian
L (4) =−1
2
∂µφ∂µφ−
1
2
m2φ2− 1
4!
gφ4 , (17)
with a symmetry φ→−φ. How to construct L (6) and L (8)? Obviously, we will have polynomial terms, i.e. φ6 and
φ8. As a next step we write all scalar polynomials of mass-dimension 6 and 8 containing φ and its derivatives and
reduce them by using IBP identities. For dim = 6 we could have O(6)0 = φ
6 and
O
(6)
1 = φ
32φ O(6)2 = φ2 ∂µφ∂µφ O(6)3 = φ22φ
O
(6)
4 = ∂µφ(∂µ2φ) O(6)5 = (2φ)2 O(6)6 = (∂µ∂νφ)(∂µ∂νφ)
IBP identities give the following relations among dim = 6 operators:
O
(6)
6 =−O(6)3 −2O(6)4 , O(6)5 = O(6)3 , O(6)4 =−O(6)3 , O(6)2 =−
1
3
O
(6)
1 . (18)
Note that this solution of the IBP identities is based on the choice of selecting operators with a minimal number of
derivatives but we could have chosen O(6)4 instead of O
(6)
3 . The dim = 6 part of the Lagrangian is
L (6) =
1
Λ2
[
g4 a 60O
(6)
0 +g
2
2
∑
i=1
a 6i O
(6)
i +
6
∑
i=3
a 6i O
(6)
i
]
=
1
Λ2
[
g4 a 60 φ
6+ a 61 φ22φ+g2 a 62 φ32φ
]
, (19)
8
where we have introduced linear combinations a 6i given by
a 60 = a
6
0 , a
6
1 = a
6
6+ a
6
5− a 64+ a 63 , a 62 = a 61−
1
3
a 62 . (20)
Note that we have rescaled the Wilson coefficients: in front of an operator O(k)i of dimension k containing n fields we
write
gn−2
a ki
Λk−4
. (21)
This rescaling is useful when discussing NLO EFTs and their “renormalization”, see Ref. [60].
For dim = 8 we have the following classes of operators respecting φ→ −φ invariance: φ8, φ6 ∂ 2, φ4 ∂ 4 and φ2 ∂ 6.
Applying IBP identities we obtain
L (8) =
1
Λ4
{
g6 a 80 φ
8+g4 a 81 φ
52φ+ a 82 (2φ)22φ+g2
[
a 83 φ
322φ+ a 84 φ2 (∂µ∂νφ)(∂µ∂νφ)+ a 85 φ2 (2φ)2
]}
, (22)
where the a 8i coefficients are linear combinations of the original a
8
i coefficients.
4.1. EoM vs. FT
To discuss the role of field transformations we consider the Lagrangian of Eq.(19) where only φ32φ is kept. The EoM
is
2φ= m2 φ+ 1
6
g2 φ3− g
2
Λ2
a 62 (6φ∂µφ∂µφ+g
2 φ5+6m2 φ3) . (23)
replacing the EoM we obtain
L (6)→ g
2
Λ2
a 62 (m
2 φ4+
1
6
g2 φ6)− ( g
2
Λ2
a 62)
2 (g2 φ8+6φ4 ∂µφ∂µφ+6m
2φ6) . (24)
The correct way of proceeding is to start fromL (4)+L (6) and to perform a field transformation
φ→ φ′+ 1
Λ2
P1(φ′)+
1
Λ4
P2(φ′) , (25)
where P1,2 are polynomials in the field. The redundant dim = 6 operator is eliminated by the choice
P1 =−g2 a 62 φ3 . (26)
In order to check the correctness of Eq.(24) we write
P2 = η (g2 a 62)
2 φ5 , (27)
and obtain
L (6)→ g
2
Λ2
a 62 (m
2 φ4+
1
6
g2 φ6)+
1
2
(
g2
Λ2
a 62)
2
[
(39−10η)φ4 ∂µφ∂µφ− (1+2η)m2 φ6−6g2 (3+2η)φ8
]
. (28)
The result is as follows: Eq.(24) and Eq.(28) give the same result at O
(
1/Λ2
)
but differ at O
(
1/Λ4
)
no matter what
the choice of η is. Therefore, the correct way of eliminating the redundant operator corresponds to transform the field
at O
(
1/Λ2
)
, but this will introduce other terms (at O
(
1/Λ4
)
and higher) which are the higher order compensation of
the redundant operator. This compensation is clearly different from what we obtain by plugging in the EoM.
The same argument applies to a redundant operator of the form
1
Λn−1
a n+3F F(φ)2φ , (29)
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where F is a polynomial of degree n. A transformation of the form
φ→ φ′− 1
Λn−1
a n+3 F(φ′) , (30)
eliminates the redundant operator with an higher order compensation of O
(
Λ2−2n
)
depending on F, δF/δφ and
δ 2F/δφ2.
Another example is as follows: given
L (4) =
1
2
φ(2−m3)φ−ψ/∂ ψ , L (6) = g2 a
Λ2
ψψ2φ2 , (31)
we define
Lred =L
(6)+g2
a
Λ2
ψψ (2−m2)φ , (32)
and discover that, at O
(
1/Λ4
)
,L (6) andLred are not on-shell equivalent.
To avoid misunderstandings we highlight examples that show explicitly the equivalence of the field redefinitions
procedure to sub-leading order, to a procedure that uses the EoM to higher order as part of a systematic EFT match-
ing [71].
4.2. More on field transformation
Starting with the Lagrangians of Eqs.(19)–(22) we want to eliminate all the operators containing 2nφ. This can be
achieved by transforming φ as follows:
φ→ φ′+ 1
Λ2
(P(6)1 +P
(6)
2 2φ′)+ 1Λ4 (P(8)1 +P(8)2 2φ′+P(8)3 22φ′+P(8)4 ∂µφ′ ∂µφ′) . (33)
We look for a solution where the P-polynomials are of the following form:
P(6)1 (φ) = η1 g
2 φ3 P(6)2 (φ) = η2
P(8)1 (φ) = g
2 (η3 m2 φ3+η4 g2 φ5) P
(8)
2 (φ) = η5 m
2+η6 g2 φ2
P(8)3 (φ) = η7 P
(8)
4 (φ) = η8 g
2 φ
It may simply verified that the solution for the η unknowns is
η1 =−12 (a
6
2+
1
6
a 61) , η2 =−a 61 , (34)
η3 =
1
2
[1
6
η5− a 85+3a 83+
1
2
a 82− a 61 a 62−
2
3
(a 61)
2
]
,
η4 = −13
[1
6
a 85+
1
2
a 83−
1
12
a 82+ a
8
1−
21
8
(a 62)
2−6a 61 a 60−
3
8
a 61 a
6
2+
3
32
(a 61)
2
]
,
η5 = −a 82+2(a 61)2 ,
η6 = −a 85+3a 83+
1
2
a 82−
3
2
a 61 a
6
2−
3
4
(a 61)
2 ,
η7 = −a 82+
3
2
(a 61)
2 ,
η8 = a 82+6a
8
3−9a 61 a 62−2(a 61)2 . (35)
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After the transformation of Eq.(33), the Lagrangian becomes
L = −1
2
∂µφ∂µφ
[
1+2(a 82−2(a 61)2)
m4
Λ4
+2a 61
m2
Λ2
]
− 1
2
m2 φ2
− 1
24
g2 φ4
[
1−4(3a 85−9a 83− a 82+3a 61 a 62+(a 61)2)
m4
Λ4
−2(6a 62+ a 61)
m2
Λ2
]
+
1
72
g4
Λ2
φ6
[
(72a 60+6a
6
2+ a
6
1)+2(5a
8
5−15a 83−2a 82+12a 81−36(a 62)2−72a 61 a 60−3a 61 a 62+2(a 61)2)
m2
Λ2
]
+
1
864
g6
Λ4
φ8
[
864a 80+8a
8
5−24a 83−4a 82+48a 81−2592a 62 a 60−180(a 62)2−720a 61 a 60−36a 61 a 62+3(a 61)2
]
− 1
4
g2
Λ2
φ2 ∂µφ∂µφ
[
(2(3a 85+3a
8
3+ a
8
2−15a 61 a 62−3(a 61)2)
m2
Λ2
+(6a 62+ a
6
1)
]
− 1
72
g4
Λ4
φ4 ∂µφ∂µφ
[
40a 85−48a 83−8a 82+240a 81−468(a 62)2−1440a 61 a 60−180a 61 a 62−3(a 61)2
]
+ 2
g2
Λ4
φ(∂µ∂νφ)∂µφ∂νφ
[
6a 83+ a
8
2−9a 61 a 62−2(a 61)2
]
+
g2
Λ4
φ2 (∂µ∂νφ)
2
[
a 84+6a
8
3+ a
8
2−9a 61 a 62−2(a 61)2
]
, (36)
containing the following operators:
φ6 , φ8 φ2 ∂µφ∂µφ , φ
4 ∂µφ∂µφ , φ(∂µ∂νφ)∂µφ∂νφ , φ
2 (∂µ∂νφ)
2 . (37)
Remark In fitting the data we constrain the combinations of coefficients appearing in Eq.(36): after that the Wilson
coefficients are the pseudo-data. When interpreting the results we should remember that the coefficient of φ2 (∂µ∂νφ)2
is not a 84, etc. Therefore, caution should be used in constructing the coefficients in the dim = 8 part of the basis if we
want to extract the parameters of the high-energy theory from the “fitted” Wilson coefficients. An example of results
for Wilson coefficients in both the redundant basis generated by the matching calculation, and the non-redundant
Warsaw basis is given in Ref. [72].
4.3. EFT and canonical normalization
As a next step we start from the Lagrangian of Eq.(36), where we find that the kinetic terms have a non-canonical
normalization. This fact does not represent a real problem, as long as we remember the correct treatment of sources
in going from amputated Green’s functions to S-matrix elements.
For the time being, we start with a simpler example: consider a Lagrangian
L =
1
2
Z2φ φ
(2−m2) φ+gχχφ+ZJ J φ+Kχ+χK , (38)
where φ is a scalar field and χ a spinor field. Furthermore, we have added the source terms; Zφ reproduces the effect of
higher dimensional operators, e.g. when the Higgs field is replaced by its VEV or when loop corrections are included.
The (properly normalized) propagation function for the scalar particle is
ZJ J
1
Z2φ (p2+m2)
ZJ J , (39)
fixing ZJ = Zφ. The net effect on the S-matrix is that, for each external φ line, we have a factor Z−1φ . Alternatively, we
can define a new field, φ= Z−1φ φ′: the Lagrangian is now
L ′ =
1
2
φ′
(2−m2) φ′+gZ−1φ χχφ′+Z′J J φ′+ . . . (40)
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so that Z′J = 1. However the S-matrix elements has a factor Z
−1
φ for each external φ
′ -line, e.g. due to the coupling
gZ−1φ χχφ′. This simple example proves that the field redefinition is a matter of taste, the crucial point is in the
normalization of the source.
The Lagrangian in Eq.(36) is not directly what we will use to generate Feynman rules and canonical normalization
plus parameter redefinition [5, 46, 68, 70, 73–75] is introduced:
φ= (1+
m2
Λ2
ξ 6φ +
m4
Λ4
ξ 8φ )φ , g = (1+
m2
Λ2
ξ 6g +
m4
Λ4
ξ 8g )g , m
2 = (1+
m2
Λ2
ξ 6m+
m4
Λ4
ξ 8m)m
2 . (41)
In this way, in the limit Λ→ ∞, we recover the original Lagrangian written in terms of barred fields and parameters.
We find the following solution:
ξ 6φ =−a 61 , ξ 6g = 3a 61+6a 62 , ξ 6m = 2a 61
ξ 8φ =−a 82+ 32 (a 61)2 , ξ 8g = 6a 85−18a 83+54(a 62)2+48a 61 a 62+ 152 (a 61)2 , ξ 8m = 2a 82
Furthermore we introduce
aˆ 60 = a
6
0− 112 a 61− 12 a 62 , aˆ 61 = a 61 , aˆ 62 = 32 a 61+9a 62
aˆ 80 = a
8
0+
1
216 (2a
8
5−6a 83− a 82+12a 81) , aˆ 81 = 136 (5a 85−15a 83−2a 82+12a 81) ,
aˆ 82 = 2a
8
2+12a
8
3 , aˆ
8
3 =
1
4 (6a
8
3− aˆ 82−6a 85) , aˆ 84 = a 84+ 12 aˆ 82
obtaining the Lagrangian
L = −1
2
∂µφ∂µφ−
1
2
m2 φ2− 1
24
g2 φ4+
g4
Λ2
φ6 aˆ 60+
g2
Λ2
φ2 ∂µφ∂µφ aˆ
6
2
+
g6
Λ4
φ8
{
aˆ 80−
1
216
[
72 aˆ 61 aˆ
6
0− (aˆ 61)2−432 aˆ 62 aˆ 60+8 aˆ 62 aˆ 61−4(aˆ 62)2
]}
+
m2
Λ4
g4 φ6
{
aˆ 81+
1
72
[
3(aˆ 61)
2−1152 aˆ 62 aˆ 60−20 aˆ 62 aˆ 61−32(aˆ 62)2
]}
+
g2
Λ4
φ(∂µφ)(∂µ∂νφ)∂νφ
[
aˆ 82− (aˆ 61−12 aˆ 62) aˆ 61
]
+
m2
Λ4
g2 φ2 ∂µφ∂µφ
{
aˆ 83+
1
4
[
(aˆ 61)
2−20 aˆ 62 aˆ 61−32(aˆ 62)2
]}
+
g2
Λ4
φ2 (∂µ∂νφ)(∂µ∂νφ)
[
aˆ 84−
1
2
(aˆ 61−12 aˆ 62) aˆ 61
]
+
g4
Λ4
φ4 ∂µφ∂µφ
{
aˆ 85+
1
36
[
720 aˆ 61 aˆ
6
0−7(aˆ 61)2+32 aˆ 62 aˆ 61+104(aˆ 62)2
]}
, (42)
showing the presence of aO
(
1/Λ4
)
compensation of the dim= 6 redundant operators. The Lagrangian can be written
in terms of {c} coefficients,
L = −1
2
∂µφ∂µφ−
1
2
m2 φ2− 1
24
g2 φ4+
g4
Λ2
c61 φ
6
+
g2
Λ2
c62 φ
2 ∂µφ∂µφ
+
g6
Λ4
c81 φ
8
+
m2
Λ4
g4 c82 φ
6
+
g2
Λ4
c83 φ(∂µφ)(∂µ∂νφ)∂νφ
+
m2
Λ4
g2 c84 φ
2 ∂µφ∂µφ+
g2
Λ4
c85 φ
2
(∂µ∂νφ)(∂µ∂νφ)+
g4
Λ4
c86 φ
4 ∂µφ∂µφ , (43)
and the corresponding S-matrix depends only on the c-set of coefficients.
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Remark Suppose that we use Eq.(43) to fit the data and that c86 results to be compatible with zero. Next, we consider
an extension of the original Lagrangian of Eq.(17) depending on a set of parameters {p}; imagine that, after computing
the low energy limit, we obtain
– a set of dim = 8 operators, including φ4 ∂µφ∂µφ with coefficient d({p});
– a set of dim = 6 operators, some of them redundant if we follow the classification giving Eq.(43).
Different extensions turn on different bases, to compare we need to change basis, including the higher order compen-
sations; therefore, we cannot conclude that d({p}) = 0.
An alternative solution, though with high overheads, is the following: the low-energy Lagrangian is expanded in a
redundant basis and not in the non-redundant EFT basis but the S-matrix elements are the same. Taken as a whole,
matching is not performed directly at the Lagrangian level; instead we have to recompute the S-matrix elements
process by process.
Another lesson to be learned is the following: the shift due to the field redefinition at dim = 6 level can be absorbed
into the coefficients of dim = 8 operators; however, the construction of the dim = 8 basis depends on the way we
have defined/eliminated the redundant dim = 6 operators, i.e. the corresponding higher order compensations must
be part of the dim = 8 basis. Furthermore, in NLO EFT (i.e. when higher-dimensional operators are used in loops)
new effects will arise. Because of operator mixing, one may encounter UV divergences in the coefficients of some
of the redundant operators, i.e., renormalization fails if we do not include counterterms for operators that have been
eliminated [67, 76].
5. The Abelian Higgs model: AHEFT
This section examines the so-called Abelian Higgs model where the Lagrangian is
L (4) =−(Dµφ)∗Dµφ−m2 φ∗ φ− 12 λ (φ
∗ φ)2− 1
4
Fµν Fµν , (44)
with Fµν = ∂µAν −∂νAµ and where the covariant derivative is Dµ = ∂µ− igAµ . Furthermore, the field φ develops a
vev,
φ=
1√
2
(H+v+ iχ) , (45)
v =
M
g
, m2 = βh− 12 λ v
2 , λ =
M2H
v2
=
M2H
M2
g2 . (46)
The parameter βh will be used to cancel tadpoles, order-by-order in perturbation theory. The Lagrangian of Eq.(44)
becomes
L (4) = −1
4
Fµν Fµν − 12 M
2 Aµ Aµ − 12 ∂µH∂µH−
1
2
∂µχ∂µχ−
1
2
M2H H
2− M
g
βh H
− 1
2
βh (H2+χ2)+M Aµ ∂µχ+O
(
field3
)
. (47)
Gauge fixing is given by adding a term −1/2C2 to the Lagrangian, with
C =
1
ξ
∂µAµ −ξ M χ . (48)
The Warsaw-like basis for dim = 6 operators contains
Oφ = (φ∗ φ)3 , Oφ2 = (φ∗ φ)2(φ∗ φ) , OφD = (φ∗Dµ φ)∗ (φ∗Dµ φ) ,
OφA = φ∗ φFµν Fµν .
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To give an example, consider a redundant operator of the following form:
OR = (φ∗ φ)(Dµ φ)∗ (Dµ φ) . (49)
How to eliminate it? We can use the relations
(Dµ φ)∗Dµ φ = −12 φ
∗ (DµDµ φ)− 12 (DµDµ φ)
∗ φ ,
(φ∗ φ)(Dµφ)∗ (Dµ φ) = −12 (φ
∗ φ)
[
φ∗ (DµDµ φ)+(DµDµ φ)∗ φ
]
+
1
2
Oφ2 , (50)
and given
L =L (4)+L (6)+g2
a R
Λ2
OR , (51)
we find the solution by performing the transformation
φ→ φ−g2 a R
Λ2
(φ∗ φ)φ , φ∗→ φ∗−g2 a R
Λ2
(φ∗ φ)φ∗ , (52)
generating (φ∗ φ)2 Fµν Fµν etc
5.1. Fixing the gauge
Let us consider again the question of “choosing the gauge”; general aspects of the problem have been discussed in
Ref. [77] while a formal definition can be found in Chapter 6.4 of Ref. [78]. Here we want to analyze the interplay
between gauge fixing and the removal of redundant operators. In order to do that we recall a basic aspect of “contin-
uum EFT”, see Ref. [6]. Given a scale Λ the effective theory (E  Λ) is described by a Lagrangian not containing
heavy fields:
L (4)+δL , (53)
where ∆L encodes a “matching correction” that includes any new nonrenormalizable interactions that may be re-
quired. The matching correction is made so that the physics of the light fields is the same in the two theories at the
boundary. The aim of a matching calculation is to fix the values of the effective coefficients in the XEFT Lagrangian
so that they reproduce the predictions of the full theory to fixed accuracy,
LX′(φX ,Φheavy) 7→LXEFT(φX) =LX +∑
i
a iOi(φX) . (54)
To explicitly calculate δL , one expands it in a complete set of local operators in the same manner that the expansion
for Wilsonian EFTs is performed.
In Wilsonian EFT, the heavy fields are first integrated out of the underlying high-energy theory and the resulting
Wilsonian effective action is then expanded in a series of local operator terms: in this case the gauge is fixed at the
level of the underlying UV completion.
In the construction of a continuum EFT, the heavy fields are initially left alone in the underlying high-energy theory,
which is first evolved down to the appropriate energy scale. The continuum EFT is then constructed by completely
removing the heavy fields from the high-energy theory, as opposed to integrating them out; stated differently a con-
tinuum quantum field theory is a sequence of low-energy effective actions Seff(Λ), for all Λ < ∞, as highlighted in
Ref. [78].
Having in mind our final example, SM EFT (SMEFT), we can say that any field theory valid above the scale Λ (next-
SM or NSM) should be based on a gauge group which contains SU(3) × SU(2) × U(1) and all the SM degrees of
freedom should be incorporated; furthermore, at low-energies, NSM should reduce to the SM, provided no undiscov-
ered but weakly coupled light particles exist. In the top-down approach (heavy fields integrated out) the gauge is fixed
in the NSM Lagrangian.
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In our case we start with
L =L
(4)
inv +L
(6)
inv + . . . (55)
i.e. with a Lagrangian invariant under transformations belonging to some group G; in our case the (infinitesimal)
transformation is
φ→ (1+ igα)χ , Aµ → Aµ +∂µα . (56)
At this levelL (6)inv may contain redundant operators. We should not apply field transformations, invoking the Equiva-
lence Theorem [67, 68, 79] (a statement on the invariance of the S-matrix) since the Lagrangian is singular, i.e. there
is no S-matrix. Therefore, we fix the gauge (for general details see Ref. [77] and also Ref. [80])
L =L
(4)
inv +L
(6)
inv +Lg. f .+LFP , (57)
whereLFP is the associated ghost Lagrangian,
LFP =−η
[ 1
ξ
2+ξ M (M+gH)]η . (58)
If we start with the invariant Lagrangian of Eq.(51) and perform the transformation of Eq.(52) then the gauge fixing
term of Eq.(48) (and the corresponding ghost Lagrangian) will also change since
H→ H− g
2
2
a R
Λ2
(H2+χ2)H , χ→ χ− g
2
2
a R
Λ2
[
H2+χ2
]
χ , (59)
where H = H+M/g. However, the S-matrix does not depend on the choice of the gauge-fixing term C [81], i.e. will
not depend on a R. More details will be given in subsection 5.3. For another presentation of the problem, based on
BRS [82, 83] variation, see Ref. [39] where higher order compensation is also discussed.
5.2. AHEFT: redundant operators and their higher order compensation
To summarize, we work with a Lagrangian having 3 components,L (4)inv ,Lg. f .+LFP and
L
(6)
inv = g
4 a φ
Λ2
Oφ+g2
a φ2
Λ2
Oφ2+g2 a φDΛ2 OφD+g
2 a R
Λ2
OR+g2
a φA
Λ2
OφA , (60)
and perform the transformation of Eq.(52). Using Eq.(50) we see that the transformation of φ cancels the redundant
term but we are still left with the transformation of DµDµ φ. This part is
X = φ∗D2 (φ∗ φφ)+φ(D2 φ∗ φφ)∗ , (61)
and we can easily see that
X = Oφ2−2OφD+ tot. der. . (62)
After the transformation the Lagrangian becomes
Linv = −(Dµφ)∗Dµφ+ 12 M
2
H φ
∗ φ−g2 (1
2
M2H
M2
+ a R
M2H
Λ2
)(φ∗ φ)2
+
g4
Λ2
(a φ+2
M2H
M2
a R)Oφ+
g2
Λ2
(a φ2− 12 a R)Oφ2+
g2
Λ2
(a φD+2a R)OφD
− 1
4
Fµν Fµν +
g2
Λ2
a φAOφA , (63)
with several terms representing higher order compensations, e.g.
(φ∗ φ)2 → (φ∗ φ)2−4 g
2 a R
Λ2
(φ∗ φ)3+6(
g2 a R
Λ2
)2 (φ∗ φ)4 ,
· · · → ·· ·
(φ∗ φ)Fµν Fµν → (φ∗ φ)Fµν Fµν − g
2 a R
Λ2
(φ∗ φ)2 Fµν Fµν , (64)
that should be an integral part of the dim = 8 Lagrangian.
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5.3. Canonical normalization in the AHEFT
We discuss canonical normalization for the Abelian Higgs model in the case a R = 0. In order to deal with tadpoles it
is convenient to define new fields and parameters according to the following equations:
f = (1+
ηf
Λ2
) fˆ , p = (1+
ηp
Λ2
) pˆ , (65)
where f = H,χ,Aµ and p = g,M,MH .
Tadpoles.
A special role is played by the βh -parameter (defined in Eq.(46)), which has to do with cancellation of tadpoles,
order-by-order in perturbation theory: this is the so-called βh -scheme [84]. Alternatively we could use the βt -scheme,
as mentioned in sect. 2.3.1 of Ref. [84]; for a discussion on tadpoles and gauge invariance see Ref. [84–86]. In the
βh -scheme we define
βh = (1+
ηβ
Λ2
) βˆh+
δβ
Λ2
, (66)
and fix
δβ =
3
4
Mˆ4 a φ , (67)
and the η -coefficients of Eq.(65) according to
ηH = 14 Mˆ
2 (a φD−4a φ2) , ηχ = 14 Mˆ2 a φD , ηA = Mˆ2 a φA ,
ηMH =
3
2
Mˆ4
Mˆ2H
a φ−ηH , ηM = 14 Mˆ2 (a φD−4a φA) , ηg =−Mˆ2 a φA , ηβ = ηg−ηM−ηH .
The part of the invariant Lagrangian containing at most two fields becomes
L̂inv = −12 ∂µHˆ∂µHˆ−
1
2
∂µ χˆ∂µ χˆ−
1
4
Fˆµν Fˆµν + Mˆ Aˆµ ∂µ χˆ
− 1
2
Mˆ2H Hˆ
2− 1
2
Mˆ2 Aˆµ Aˆµ − 12 βˆhh Hˆ
2− 1
2
βˆhχ χˆ2
− Mˆ
gˆ
βˆh Hˆ+O
(
field3
)
+O
(
Λ−4
)
, (68)
where we have introduced auxiliary quantities,
βˆhh = βˆh (1− Mˆ
2
Λ2
a φ2) , βˆhχ = βˆh (1+ Mˆ
2
Λ2
a φ2) . (69)
Therefore, βˆh is designed to cancel tadpoles order-by-order while βˆhh and βˆhχ contribute to various Green’s functions
and are crucial for the validity of the WST identities.
Shifted gauge invariance.
The invariance of the full L̂inv is not “broken” but “shifted”: at O
(
1/Λ2
)
the canonical normalized Lagrangian is
invariant under the following “shifted” transformations:
Hˆ→ Hˆ− gˆ
[
1− Mˆ
2
Λ2
(a φA− a φ2)
]
α χˆ ,
χˆ→ χˆ+ Mˆ (1− Mˆ
2
Λ2
a φA)α+ gˆ
[
1− Mˆ
2
Λ2
(a φA+ a φ2)
]
α Hˆ ,
Aˆµ → Aˆµ +(1− Mˆ
2
Λ2
a φA)∂µα . (70)
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The argument can be repeated order-by-order to all orders in inverse powers of Λ. Consider again the part of the
invariant Lagrangian containing at most two fields which can be written as
Linv = −12 XH ∂µH∂µH−
1
2
Xχ ∂µχ∂µχ−
1
4
XA Fµν Fµν +M Xt Aµ ∂µχ
− 1
2
XMH M
2
H H
2− 1
2
XM M2 χ2− 12 XMA M
2 Aµ Aµ − Mg (βh+Xβ )H−
1
2
βh (H2+χ2) , (71)
where XM and Xβ start at O
(
1/Λ2
)
while ther remaining Xi start at O (1). In full generality we define
H = Z1/2H Hˆ , χ= Z
1/2
χ χˆ , Aµ = Z
1/2
A Aˆµ ,
M = ZM Mˆ , MH = ZMH MˆH g = Zg gˆ
Furthermore, we introduce βh = Zβ βˆh +∆β . The general definition of canonical normalization is as follows: ∆β =
−Mˆ2 XM Z2M and
ZH = X−2H , Zχ = X
−2
χ , ZA = X
−2
A ,
Z2M =
XA
XMA
, Z2MH = (
Mˆ2
Mˆ2H
XM
XMA
XA+XH)X−1MH
The EFT correction terms are not independent, due to the invariance of the Lagrangian, e.g. Xt = Xχ = XMA . Further-
more
XMA Xβ = M
2 XA XM+O
(
Λ−4
)
. (72)
Clearly, also the interaction part of the Lagrangian is modified by the shift; the transformation law for the fields can
be written as:
Hˆ→ Hˆ− ( Zχ
ZH
)1/2 Zg gˆ χˆα ,
χˆ→ χˆ+
[(ZH
Zχ
)1/2 Zg gˆ Hˆ+ ZM
Z1/2χ
Hˆ
]
α ,
Aˆµ → Aˆµ +Z−1/2A ∂µα . (73)
Shifted gauge-fixing.
Special attention should be paid to the gauge-fixing term when we canonically normalize the Lagrangian. Instead of
Eq.(48) is more convenient to start with a two-parameter gauge fixing,
Lg. f . =
1
ξA
∂µAµ −ξφM χ , (74)
and to define “shifted” gauge parameters,
ξA = (1+
ηξA
Λ2
) ξˆA , ξφ = (1+
ηξφ
Λ2
) ξˆφ . (75)
If we set
ηξA = Mˆ
2 a φA , ηξφ = Mˆ
2 (a φA− 12 AφD) , (76)
the gauge-fixing part of the Lagrangian becomes
Lg. f .→ L̂g. f . = 1
ξˆA
∂µAˆµ − ξˆφ Mˆ χˆ . (77)
Only at this point we are free to set the ξˆ parameters to one (the ’t Hooft-Feynman gauge) or equal to each other (the
Rξ gauge). The ghost Lagrangian will change accordingly.
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class
φ6 O(6)φ =Φ3
φ4 D2 O(6)φD = (φ
∗Dµφ)∗ (φ∗Dµφ) O
(6)
φ2 =Φ2Φ
φ2 X2 O(6)φA =ΦFµν Fµν
φ4 O(8)φ =Φ4
φ6 D2 O(8)φD;1 =Φ(φ
∗Dµφ)∗ (φ∗Dµφ) O
(8)
φ2 =Φ22Φ
φ4 D4 O(8)φD;2 = (Dµφ)
∗ (Dνφ)(Dν φ)∗Dµφ O
(8)
φD;3 = (Dµφ)
∗ (Dνφ)(Dµ φ)∗Dνφ O
(8)
φD;4 = (Dµφ)
∗ (Dµφ)(Dν φ)∗Dνφ
X4 O(8)A;1 = (Fµν Fµν)
2 O
(8)
A;2 = Fµν Fνρ Fρσ Fσµ
X2 φ4 O(8)φA =Φ
2 Fµν Fµν
X φ4 D2 O(8)φDA;1 = i(φ
∗Dµφ)∗ (φ∗Dνφ)Fµν
X2 φ2 D2 O(8)φDA;2 = (Dµφ)
∗DνφFµρ Fνρ O
(8)
φDA;3 = (Dµφ)
∗DµφFρσ Fρσ
Table 1: List of dim = 6 and dim = 8 operators for the AHEFT theory. We have introduced Φ= φ∗ φ.
5.4. AHEFT: including dim = 8 operators
Phenomenological applications for dim = 8 operators have been discussed in Refs. [70, 87, 88].
In the Abelian Higgs model we can introduce the set of dim = 6,8 operators shown in Tab. 1. where we have
introduced Φ2 = φ∗ φ. The corresponding Wilson coefficients mix with those coming from dim = 8 compensation of
dim = 6 redundant operators, as explained in 5.2.
Canonical normalization up to dim = 8.
We introduce the following field and parameter transformations:
f = (1+
η6f
Λ2
+
η8f
Λ4
) fˆ , p = (1+
η6p
Λ2
+
η8p
Λ4
) pˆ , (78)
βh = (1+
η6h
Λ2
+
η8h
Λ4
) βˆh+
δβ 6
Λ2
+
δβ 8
Λ4
, (79)
with the shifts defined in Tab. 2. The quadratic part of the Lagrangian remains as in Eq.(68) with the only difference
that Eq.(69) is replaced by
βˆhh = βˆh
{
1− Mˆ
2
Λ2
a 6φ2+ Mˆ
4
Λ4
[
2a 6φ2 a 6φA− a 6φ2 a 6φD+ 32 (a
6
φ2)2− a 8φ2
]}
,
βˆhχ = βˆh
{
1+
Mˆ2
Λ2
a 6φ2− Mˆ
4
Λ4
[
2a 6φ2 a 6φA− a 6φ2 a 6φD+ 32 (a
6
φ2)2− a 8φ2
]}
, (80)
Gauge invariance up to dim = 8.
After canonical normalization the Lagrangian, up to dim = 8 terms (i.e. O
(
1/Λ4
)
), is invariant under the following
set of shifted transformations:
Hˆ→ Hˆ− gˆ χˆα+ gˆ Mˆ
2
Λ2
(a 6φA− a 6φ2) χˆα
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δβ 6 = 34 a
6
φ Mˆ
4 δβ 8 = 14 (2a
8
φ−12a 6φ a 6φA+3a 6φ a 6φD)Mˆ6
η6β =
1
2 (2a
6
φ2− a 6φD)Mˆ2 η8β =− 14
[
a 8φD;1−4a 8φ2+8a 6φ2 a 6φA+2(a 6φ2)2−4a 6φD a 6φA−2a 6φD a 6φ2+(a 6φD)2
]
Mˆ4
η6MH =
1
4 (4a
6
φ2− a 6φD)Mˆ2+ 32 a 6φ Mˆ
4
Mˆ2H
η8MH =− 132
[
4a 8φD;1−32a 8φ2+64a 6φ2 a 6φA+16(a 6φ2)2−16a 6φD a 6φA−24a 6φD a 6φ2+5(a 6φD)2
]
Mˆ4
+ 38 (4a
8
φ−16a 6φ a 6φA−4a 6φ a 6φ2+5a 6φ a 6φD) Mˆ
6
Mˆ2H
− 98 (a 6φ)2 Mˆ
8
Mˆ4H
η6H =− 14 (4a 6φ2− a 6φD)Mˆ2 η8H = 132
[
4a 8φD;1−32a 8φ2+64a 6φ2 a 6φA+48(a 6φ2)2−16a 6φD a 6φA−40a 6φD a 6φ2+7(a 6φD)2
]
Mˆ4
η6χ =
1
4 a
6
φD Mˆ
2 η8χ =
1
32
[
4a 8φD;1−16a 6φD a 6φA+7(a 6φD)2
]
Mˆ4
η6A = a
6
φA Mˆ
2 η8A =
1
2
[
a 8φA− (a 6φA)2+ a 6φD a 6φA
]
Mˆ4
η6M =− 14 (4a 6φA− a 6φD)Mˆ2 η8M =− 132
[
16a 8φA−4a 8φD;1−48(a 6φA)2+40a 6φD a 6φA−7(a 6φD)2
]
Mˆ4
η6g =−a 6φA Mˆ2 η8g =− 12
[
a 8φA−3(a 6φA)2+ a 6φD a 6φA
]
Mˆ4
η6ξA = a
6
φA Mˆ
2 η8ξA =
1
2
[
a 8φA− (a 6φA)2+ a 6φD a 6φA
]
Mˆ4
η6ξχ =
1
2 (2a
6
φA− a 6φD)Mˆ2 η8ξχ =
1
4
[
2a 8φA− a 8φD;1−2(a 6φA)2+4a 6φD a 6φA− (a 6φD)2
]
Mˆ4
Table 2: List of dim = 6 and dim = 8 field and parameter redefinitions for the AHEFT theory.
+
1
2
gˆ
Mˆ4
Λ4
[
a 8φA−2a 8φ2−3(a 6φA)2+6a 6φ2 a 6φA+(a 6φ2)2+ a 6φD a 6φA−2a 6φD a 6φ2
]
χˆα ,
χˆ→ χˆ+(gˆ Hˆ+ Mˆ)α− Mˆ
2
Λ2
[
a 6φA Mˆ+(a
6
φA+ a
6
φ2) gˆ Hˆ
]
α+
1
2
Mˆ4
Λ4
{
Mˆ
[
3(a 6φA)
2− a 6φD a 6φA− a 8φA
]
+
[
3(a 6φA)
2+6a 6φ2 a 6φA+3(a 6φ2)2− a 6φD a 6φA−2a 6φD a 6φ2− a 8φA−2a 8φ2
]
gˆ Hˆ
}
α ,
Aˆµ → Aˆµ +
{
1− Mˆ
2
Λ2
a 6φA+
1
2
Mˆ4
Λ4
[
3(a 6φA)
2− a 6φA a 6φD− a 8φA
]}
∂µα (81)
The gauge fixing term will have the same form as given in Eq.(77).
5.5. AHEFT: including fermions
The fermion Lagrangian is
L
(4)
f =−ψ (/D+mψ)ψ . (82)
It is not our goal to discuss the full list of higher dimensional operators containing fermions; for instance there are
dim = 5 and dim = 7 operators,
O
(5)
φψ = φ
∗ φψψ , O(7)ψA = ψψFµν Fµν , (83)
as well as dim = 6 operators, e.g.
O
(6)
ψ = (ψψ)2 , O
(6)
φψ = i(φ
∗D(↔)µ φ)ψ γµ ψ , etc. (84)
Here we have defined φ∗D(↔)µ φ= φ∗Dµφ− (Dµφ)∗ φ. As an example, we discuss one redundant operator,
O
(6)
ψR = iψ γ
µ ψ∂µ(φ
∗ φ) =−iφ∗ φ
[
ψ (
→
/D +
←
/D)ψ
]
, (85)
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where a total derivative has been neglected. We use
→
/D ψ = /∂ ψ− ig/Aψ , ψ
←
/D= (∂µψ)γ
µ ψ+ igψ/Aψ , (86)
to write
L
(4)
f +g
2 a
6
ψR
Λ2
O
(6)
ψR =−
1
2
ψ (
→
/D −
←
/D)ψ−mψψψ+ ig2
a 6ψR
Λ2
ψ γµ ψ∂µ(φ
∗ φ) , (87)
where we have neglected total derivatives. Next we perform the transformation
ψ→−ig2 a
6
ψR
Λ2
ψφ∗ φ , ψ→+ig2 a
6
ψR
Λ2
φ∗ φψ , (88)
which has the effect of eliminating the redundant operator of Eq.(85) and to introduce O
(
1/Λ4
)
compensations, e.g.
an operator of dim = 7,
− (g2 a 6ψR
Λ2
)2 mψψψ (φ∗ φ)2 . (89)
6. The standard model: SMEFT
Discussion of SMEFT follows from section 5 but is made more complicate by the presence of many fields. The
complex scalar field φ is replaced by the SU(2) doublet of Eq.(2) and Aµ by a 2 × 2 Hermitean matrix
Aµ =
1
2
Baµ τa+
1
2
g1 B0µ τ0 , (90)
with g1 =−sW/cW and where τa are Pauli matrices while sW (cW ) is the sine(cosine) of the weak-mixing angle; τ0 is
the 2 × 2 unit matrix. The covariant derivative is replaced by
(DµΦ)i j = (δi j ∂µ− igAµ ; i j)Φ j , (91)
but Φ† (Dµ DµΦ) =−(DµΦ)† DµΦ still holds. Furthermore,
Faµν = ∂µ B
a
ν −∂ν Baν +gεabc Bbµ Bcν , F0µν = ∂µ B0ν −∂ν B0ν . (92)
SMEFT at dim= 6 is constructed using the Warsaw basis [30] and we refer to their Tab. 2 for dimension-six operators
other than the four-fermion ones and to Tab. 3 for the four-fermion operators. A complete extension to dim = 8 does
not exist but a subset has been presented in Ref. [70]; to be precise a dim = 8 basis is constructable by using Hilbert
series but the output of the Hilbert series is the number of invariants at each mass dimension, and the field content of
the invariants. Therefore, one must translate the output into a format which tells us how the various indices carried
by each of the fields should be contracted. This has been done explicitly in Ref. [70] for only a subset of dim = 8
operators.
In sect. 5 (bosonic) and sect. 6 (single-fermionic-current) of Ref. [30] the operator classification is given with ex-
amples of how redundant operators can be eliminated. In this section we want to discuss examples of the dim = 8
compensations of SMEFT dim = 6 redundant operators.
Example: class Φ4 D2.
Consider the operator
O
(6)
R = (Φ
†Φ)(DµΦ)† (DµΦ) . (93)
The term containing
g2
a 6R
Λ2
O
(6)
R , (94)
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is eliminated by the transformation
Φ→Φ−g2 a R
Λ2
(Φ†Φ)Φ , Φ†→Φ†−g2 a R
Λ2
(Φ†Φ)Φ† . (95)
This transformation generates higher order compensations, e.g.
(Φ†Φ)2→ (Φ†Φ)2−4 g
2 a 6R
Λ2
(Φ†Φ)3+6(
g2 a 6R
Λ2
)2 (Φ†Φ)4 , (96)
as well as
O
(6)
φB = (Φ
†Φ)F0µν F
0
µν → O(6)φB −
g2 a 6R
Λ2
(Φ†Φ)2 F0µν F
0
µν . (97)
The last operator in Eq.(97) is the O8 ,HB operator of Tab. 4 in Ref. [70]. Similar results hold for O
(6)
φW (Tab. 2 of
Ref. [30]), generating O8 ,HW etc.
Example: class ψ2Φ2 D2.
Here we introduce fermions, e.g. quarks,
QL =
(u
d
)
L
, uR , dR , (98)
where fL ,R = 1/2(1± γ5) f. Consider the operator
O
(6)
R = QL (Dµ DµΦ)uR+uR (Dµ DµΦ)
† QL . (99)
The redundant term
g
a 6R
Λ2
O
(6)
R , (100)
is eliminated by performing the transformation
Φ→Φ−g a
6
R
Λ2
uR QL , Φ†→Φ†−g a
6
R
Λ2
QL uR . (101)
The same transformation, applied to (Φ†Φ)2 generates additional terms, e.g. (Φ†Φ)QLΦuR which is the operator
O
(6)
uφ of the Warsaw basis. There are also dim = 8 compensations, e.g.
O
(6)
dφ → (QLΦuR)(QLΦc dR) , (102)
where Φci = εi jΦ∗j is given by charge conjugation.
Remark The construction of the dim= 6 basis through the elimination of redundant operators requires field redefini-
tions with higher order compensations (say, at dim = 8 level) which can be absorbed into the coefficients of operators
that are already present at any given order. However, an independent construction of the dim = 8 basis could include
some IBP/EoM reduction which eliminates exactly these operators. As discussed in Refs. [48, 70] there is a procedure
for removing EoM-reducible terms in Hilbert series output (put forth in Ref. [50]) and, for instance, there is reduction
at O
(
D2
)
where the presence of derivatives implies that we have redundancies due to integration by parts, which can
shift the covariant derivative from one field to another, and the equations of motion. Some preliminary work was also
carried out in Ref. [87].
Our observations indicate that dim = 6 and dim = 8 should be treated together and consistently when explicitly
constructing non-redundant sets of higher dimensional operators in the SMEFT and beyond.
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6.1. SM, SMEFT and SM′
We consider SM′, an extension of the SM whose Lagrangian contains both SM and BSM parameters; by explicitly
integrating out the heavy fields from the SM′generating functional [65, 89–92] (or equivalently, by computing the
relevant diagrams) we obtain
LSM′ 7→
a φ
Λ2h
O
(6)
φ +
bφ2
Λ2h
O
(6)
φ2+
cφD
Λ2h
O
(6)
φD;1+ . . . +
dφ
Λ4h
O
(8)
φ + . . . E Λh (103)
where
O
(6)
φD;1 = (Φ
† DµΦ)† (Φ† DµΦ) , O
(6)
φ2 = (Φ†Φ)2(Φ†Φ) , (104)
and a . . . d and the heavy scaleΛh are functions of {p}SM and {p}BSM. A simple example of EFT is provided by QED at
very low energies, Eγ  me . In this limit, one can describe the light-by-light scattering using an effective Lagrangian
in terms of the electromagnetic field only. Gauge, Lorentz, Charge Conjugation and Parity invariance constrain the
possible structures present in the effective Lagrangian:
LQEDEFT =−14 Fµν Fµν +
a
m4e
(Fµν Fµν)2+
b
m4e
Fµν Fνρ Fρσ Fρµ +O
(
F6/m8e
)
. (105)
An explicit calculation gives
a =
1
36
α2 , b =
7
90
α2 . (106)
Another example is provided by the matching of SMEFT into the so-called Weak Effective Theory (WET or LEFT) [32]
where the SM heavy degrees of freedom have been integrated out.
However, imagine a situation where our EFT basis contains
EFT basis 3 O(6 ,8)φ , O(6)φD;1, O(6)φD;2 , (107)
where
O
(6)
φD;2 = (Φ
†Φ)(DµΦ)† (DµΦ) . (108)
There is a considerable amount of literature on global SMEFT fits, see Refs. [21, 70, 93–103]. For a Bayesian
parameter estimation for EFT, see Ref. [104]. In order to compare the fitted (constrained) values of the a 6 and a 8
Wilson coefficients with the “computed” values of a . . . d we have to perform a “translation” containing the following
steps:
1. neglecting total derivatives, we write
O
(6)
φD;2 =
1
2
O
(6)
φ2− (Φ†Φ)
[
Φ† Dµ DµΦ+(Dµ DµΦ)†)Φ
]
. (109)
2. The second term is eliminated performing the field transformation
Φ→Φ−g2 a
6
φD;,2
Λ2
(Φ†Φ)Φ , (110)
which will induce an higher order compensation.
Fitting versus interpreting.
Critical to note: the higher order compensation is such that the Wilson coefficient of O(8)φ (and others) will be a
combination of a 8φ (linear) and a
(6)
φD;2 (quadratic). This combination is the one to be “compared” with dφ (for the sake
of simplicity we are neglecting the mixing among Wilson coefficients).
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To repeat the argument we follow Ref. [48]: there is a vector space (V) containing all possible X -Lagrangian invari-
ants. Let R⊂V a subspace of redundant operators; the space of physical operators, the quotient space Q, may be used
to form a basis of physical operators. Given two bases (e.g. the one containing O(6)φ2 and the one containing O(6)φD;2),
taking into account that there is a large freedom in the choice, we need the transformation rules for a change of basis.
This freedom is useful when comparing Q with the vector space generated by the low energy behavior of X ′.
Clearly, we have provided an ad hoc example. The general case is better described in terms of the classification
provided in Ref. [45]: in any given model extending the SM to higher energy scales, some operators may arise from
tree diagrams in an underlying theory, while others may only emerge from loop corrections. The equivalence theorem
relates some operators arising from loops to operators arising from trees 3; imagine a situation where the SMEFT is
defined by choosing as basis vectors (the quotient space) PTG operators while the underlying theory generates LG
operators; this is exactly the scenario under discussion: the equivalence of two operators is a property of SMEFT while
it is possible for the BSM theory to generate one but not the other. From this point of view we must be careful not to
omit any basis operators without good reason, since their contributions to Green’s functions can be very different. An
incomplete basis set may lead to spurious relations among observables. An example [45] is as follows:
L =−1
2
∂µφ∂µφ−
1
2
m2φ2− 1
4
gφ4−ψ (/∂ −λ φ)ψ+ a
1
PTG
Λ2
φ3ψψ+
a 2PTG
Λ2
(ψψ)2 , (111)
where the dim = 6 operators are PTG. Imagine that the underlying theory generates OLG = (ψψ)2φ which is LG.
However, OLG and −gO1PTG +λ O2PTG are equivalent. Furthermore, Ref. [45] shows that for this example there are 10
dim= 6 operators and 5 independent equivalence classes, so there must be 5 independent basis operators and we need
the set of transformations and the set of equivalence relations. The field transformation needed to eliminate OLG is of
the form
φ→ φ+η a LG
Λ2
ψψ , (112)
generating dim = 8 compensations, e.g. φ2 (ψψ)2.
To summarize: the underlying strategy is as follows. When sufficient Wilson coefficients have been fitted, we need
to connect to UV complete models: therefore, we integrate out the heavy states of the UV completion, run resulting
Wilson coefficients of BSM theory and SMEFT theory to same scale and compare consistency of (non) vanishing
Wilson coefficients and general self-consistency. Hopefully, this will allow us to reject or support UV complete
theories; however, we must carry out the procedure in a consistent way testing the various approximations which are
often made due to technical difficulties in performing calculations in the SMEFT.
6.2. SMEFT, HEFT and mixings
In this subsection we compare again the SMEFT scenario with the one where the Higgs is a dominantly JP = 0+
scalar, low-energy remnant of an underlying theory with more scalars and mixings. First we consider the H W+W−
and H Z Z couplings as derived in SMEFT at O
(
1/Λ2
)
(see also Ref. [105]). After canonical normalization we obtain
H Vµ(p1)Vν(p2) = F
VV
D δ
µν +FVVT T
µν , Tµν = p1 · p2 δ µν − pν1 pµ2 . (113)
SMEFT prediction is
MW F
WW
D = −gM2W
[
1+
g6√
2
(a φW + a φ2− 14 a φD)
]
,
MW F
ZZ
D = −gM2Z ρ
[
1+
g6√
2
(a φW + a φ2+ 14 a φD)
]
,
MW F
WW
T =−2g
g6√
2
a φW , MW F
ZZ
T =−2g
g6√
2
a ZZ , (114)
3For the apparent puzzle of equivalence of OPTG, OLG see sect. 4 of Ref. [45].
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where a ZZ is defined in Eq.(125), ρ = M2W/(c
2
W
M2Z) and
√
2g6 = 1/(GFΛ2). As a consequence, SMEFT predicts a
change in the normalization of the SM -like term and the appearance of the transverse term.
The action of OφD deserves a comment: custodial symmetry SU(2)c is the diagonal subgroup, after electroweak sym-
metry breaking, of an accidental SU(2)L × SU(2)R global symmetry of the SM Lagrangian [106, 107]. The custodial
symmetry is linked to the fact that the Higgs potential is invariant under SO(4) which mixes the 4 real components of
the Higgs doublet. Since SO(4)∼ SU(2)L × SU(2)R the Higgs VEV breaks it down to the diagonal subgroup. As it
is well known custodial symmetry is only an approximate symmetry (e.g. due to Yukawa interactions). Assuming that
the Higgs sector consists of one electroweak doublet, the SMEFT term OφD violates custodial symmetry as shown
explicitly in Eq.(114) where, however, we can set ρ= 1. A possible way out would be to introduce the Higgs doublet
as a real representation (2,2) of SU(2)L × SU(2)R. Inclusion of dim= 8 operators in Eq.(114) involves several terms.
Contributions to the transverse part (using the terminology of Ref. [70]) are coming from a 8H W,a
8
H DH W and a
8
H DH W 2.
As discussed in Ref. [108], tree level couplings to W and Z bosons of a scalar charged under electroweak symmetry
can be classified using the quantum number of the scalar under custodial symmetry. Therefore, a pair of W/Z bosons
can only couple to a CP even neutral scalar that is either a custodial singlet or a custodial 5-plet. We follow the
conventions of Ref. [109] (for a detailed comparison of SMEFT and HEFT operators see their Tab. 2),
LHEFT =L0+∆L , (115)
where L0 contains the leading order operators and the second one accounts for new interactions and for deviations
from LO. The LO parametrization of the effective couplings of the singlet to VV is proportional to the SM couplings
through a global factor, as shown in Eq.(33) of Ref. [20] or Eq.(1) of Ref. [108]. A contribution to FVVT of Eq.(113)
enters through ∆L , for instance through the operators PW(h) and P1 defined in sect. 2.2.1 of Ref. [109], with a
suppression factor determined using the so-called NDA master formula, see appendix 4 of Ref. [110].
As an example of the underlying theory we consider the singlet extension of the SM. In the mass eigenbasis we have
the light Higgs boson (h) and the heavy one (H) with a mixing angle α such that
sinα = O
(
Λ−1
)
, cosα = 1+O
(
Λ−2
)
, (116)
which implies that also the mixing angle must be expanded, not only heavy propagators and loops. Integration of
the heavy degree of freedom in loops requires a careful inclusion of heavy-light contributions [9, 13, 111–115]. The
result for the low energy limit of the hZZ vertex can be summarized as follows [9]:
m there are SM-like terms, V0hZZ of O (g), V
TG
hZZ of O
(
g/Λ2
)
(tree generated) and VLGhZZ of O
(
g3/pi2
)
(loop gener-
ated) containing both O (1) and O
(
1/Λ2
)
terms
m contributions to the FZZT term can arise only from mixed (light-heavy) loops and are of O
(
1/Λ4
)
.
Relevant quantities to be constrained, e.g. in Higgs into four leptons, are
2
√
2
(FWWD
MW
− F
ZZ
D
MZ
)
, (117)
a “measure” of a φD/Λ2 and FVVT , a “measure” of a non-SM tensor structure at O
(
1/Λ2
)
(i.e. a “measure” of a φW and
a ZZ in SMEFT or of the corresponding operators in HEFT). It is interesting to compare HVV and HHVV vertices in
SMEFT; we introduce
κWWH =−gMW , κZZH =−g
M2Z
MW
ρ , δκWWH = a φW + a φ2− 14 a φD , δκ
ZZ
H = a φW + a φ2+ 14 a φD , (118)
to derive
H W−µ (p1)W
+
ν (p2) = κ
WW
H (1+
g6√
2
δκWWH )δµν −
√
2
g
MW
g6 a φW Tµν ,
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H Zµ(p1)Zν(p2) = κ
ZZ
H (1+
g6√
2
δκZZH )δµν −
√
2
g
MW
g6 a ZZ Tµν ,
H H W−µ (p1)W
+
ν (p2) =
1
2
g
MW
κWWH (1+
√
2g6 δκ
WW
H )δµν −
g2
M2W
g6√
2
a φW Tµν ,
H H Zµ(p1)Zν(p2) =
1
2
g
MW
κZZH
[
1+
√
2g6 (δκ
ZZ
H − a φD)
]
δµν − g
2
M2W
g6√
2
a ZZ Tµν . (119)
Comparing Eq.(119) with
(1+
cVV1
Λ2
H+
cVV2
Λ2
H2+ . . .)Vµ Vµ + . . . (120)
gives some information on the doublet structure of the scalar field, i.e.
cWW2
cWW1
=
1
2
g
MW
(1− g6√
2
δκWWH ) ,
cZZ2
cZZ1
=
1
2
g
MW
[
1+g6 (a φD− 1√
2
δκZZH )
]
, (121)
with δκWWH = δκ
ZZ
H if a φD = 0. The explicit expressions for c
VV
1,2 given by the HSESM Lagrangian, including TG/LG
generated and tadpoles, are too long to be reported here and can be derived from Eqs.(110−111) of Ref. [9].
Similar results can be derived for Hgg and HHgg,
H gaµ(p1)g
b
ν(p2) = −
gS
MW
g6√
2
δ ab a φg Tµν ,
H H gaµ(p1)g
b
ν(p2) = −
ggS
M2W
g6√
2
δ ab a φg Tµν , (122)
suggesting that di-Higgs production (as compared to di-boson decay [116]) could show the fingerprints of mixing
effects [15].
To summarize: SM ⊆ SMEFT ⊆ HEFT and HEFT can be written as a SMEFT if there is an O(4) fixed point [117].
6.3. SMEFT: field transformations, fits and constraints
A final comment on fits is the following: the complexity of SMEFT has led many authors to propose that we can place
a bound on the coefficient of a particular operator by assuming that all the other operators in that basis have vanishing
coefficients. However, this is an ad hoc assumption which cannot be justified as discussed in Ref. [118] and explicitly
shown in Ref. [119]: their results contradict the practice of neglecting operators that induce canonical normalization
effects, a practice based on the misleading motivation that we are studying a specific set of data while these operators
are better constrained by another set of data.
To expand on this point we start by considering canonical normalization in SMEFT; the corresponding dim = 6
transformations have been given in sect. 2.4 of Ref. [60] and partially extended to dim= 8 in appendix D of Ref. [70],
e.g.
H→
[
1− 1
4
M2
Λ2
(a φD−4a φ2)
]
H . (123)
From the point of view of gauge invariance the situation is similar to what we have derived in the AHEFT, see
Eq.(81; furthermore, transformations that realize canonical normalization of the Lagrangian should be performed in
an arbitrary gauge and they should not be restricted to the unitary one.
Consider now the process u + u→ H+Z. The SMEFT LO amplitude is constructed by assembling the following
vertices:
u(p1)u(p2)Z(−pZ) = i g4cW
γµ (1− 8
3
s2
W
+ γ5)
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+ i
g
48cW
g6√
2
[
(13−8s2
W
)(a φD−4a φW +4c2W a ZZ)+4(3+8s2W )c2W a ZZ
+ 24(a φu + a
(1)
φq + a
(3)
φq )+3(4a φW−8a φu +8a (1)φq +8a (3)φq − a φD)γ5
]
,
Zν(pZ)H(−pH)Zµ(pH− pZ) = −
gMW
c2
W
δ µν − 1
4
gMW
c2
W
g6√
2
(a φD +4a φ2+4a φW)δ µν
− 2 g
MW
g6√
2
(pH · pZ δ µν − pµZ pνH)a ZZ ,
u(p1)u(p2)H(−pH)Zµ(−pZ) = i g2MW cW
g6√
2
γµ
[
a φu + a
(1)
φq + a
(3)
φq − (a φu− a (1)φq − a (3)φq )γ5
]
, (124)
where pZ = p1+ p2 and where we have introduced
a ZZ = s2W a φB + c
2
W
a φW− sW cW a φWB , g6 =
1√
2GFΛ2
. (125)
To give an example, the operator Oφ2 enters only through canonical normalization and changes the overall normaliza-
tion of the SM-like δµν term but does not enter into the coefficient of p
µ
Z pνH . Therefore, when squaring the amplitude
up to and including terms of O
(
g26
)
it will affect the shape of distributions and not only their overall normalization.
To be more precise, let us consider
u(x1 p1)+u(x2 p2)→ H(−pH)+Z(−pZ) . (126)
We introduce sˆ = −2x1x2 p1 · p2 , tˆ = 2x1 p1 · pZ +M2Z , and compute the part amplitude squared depending on a φ2,
obtaining
∑
spin
| A |2 = 3
4
g4 v2u
c4
W
M2Z sˆ | ∆Z |2 (1+2
g6√
2
a φ2)+ g
4
c4
W
g26 a φ2 (A2 | ∆Z |2 +A1 Re ∆Z) ,
A1 =
1
4
vu (a φu + a
(1)
φq + a
(3)
φq )
[
2 sˆ−M2H +(sˆ−M2H−M2Z)
tˆ
M2Z
+
tˆ2
M2Z
]
,
A2 =
3
16
v2u (4a φW + a φD)M
2
Z sˆ−
1
16
(10+3vu)vu (4a φW− a φD)M2Z sˆ
+
3
2
vu (a φu + a
(1)
φq + a
(3)
φq ) M
2
Z sˆ
+ 4c2
W
vu a ZZ M2Z sˆ+
1
8
v2u
{
7M2H M
2
Z +(sˆ−M2H)(6 sˆ+6M2Z +M2H)
+
[
(sˆ−M2H)2−M4Z
] tˆ
M2Z
+(sˆ−M2H +M2Z)
tˆ2
M2Z
}
a ZZ +
3
8
v2u a φ2M2Z sˆ , (127)
where
vu = 1− 83 s
2
W
, ∆Z =
1
sˆ−M2Z
. (128)
The conclusion is that at O
(
1/Λ2
)
the Wilson coefficient a φ2 modifies the normalization of the sˆ (the H−Z invari-
ant mass squared) distribution; at O
(
1/Λ4
)
the shape of the tˆ -distribution is modified. Statements like “only two
operators of the Warsaw basis” contribute to the top decay are, at the very least, questionable.
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6.3.1. Linear vs. quadratic representation
Most of the SMEFT calculations include the extra term, i.e.
| A(4)+ 1
Λ2
A(6) |2→| A(4) |2 +2 1
Λ2
Re
[
A(4)
]∗A(6)+ 1
Λ4
| A(6) |2 , (129)
making positive definite (by construction) all the observables. Consider the transverse momentum spectra of the Z
boson from ZH production: it has been shown that the linear SMEFT for Λ= 1 TeV starts to become negative above
pT ≈ 200 GeV which can cured by the inclusion of squared terms [120, 121]. However, both approaches deviate
significantly at higher pT; as a matter of fact, this behavior signals the breakdown of the EFT approximation. For
additional attempts to assess the impact of the squared EFT terms see Ref. [122].
Obviously, Eq.(129) is missing the (yet) unavailable dim = 8 operators. As a matter of fact, there is more than
neglecting the dim = 4/dim = 8 interfence: the point is that we construct S-matrix elements at O
(
1/Λ4
)
using a
canonically transformed Lagrangian truncated at O
(
1/Λ2
)
. What we have is
L =−1
2
(1+
M2
Λ2
δZ6H + M
4
Λ4 δZ
8
H )∂µH∂µH+ . . . +
1
Λ2
[
a M3 H Zµ Zµ + . . .
]
+ 1Λ4 ∑i a
8
i O
(8)
i , (130)
where the frame box indicates that the terms are not available. We should write
H = (1+
M2
Λ2
η6H +
M4
Λ4
η8H) Hˆ , (131)
select
η6H =−
1
2
δZ6H , η
8
H =
3
8
[
δZ6H
]2
, (132)
obtaining
Lˆ =−1
2
∂µHˆ∂µHˆ+ a
M3
Λ2
(1−



12 M2Λ2 δZ6H ) HˆZµ Zµ + . . . (133)
where the oval box gives terms that are neglected in the quadratic approach of Eq.(129).
SMEFT effects in Vector Boson Scattering (VBS) have been analyzed in Ref. [123] with the conclusion that a global
study of the set of dim = 6 operators is necessary.
It must also be said that there are theoretical issues and experimental issues. From the experimental point of view,
keeping the squared terms has clear advantages: cross sections in all phase space points are always positive. In the case
of only linear EFT terms, any negative cross section value in any phase space point gives an unphysical configuration,
e.g. a negative probability density, for which the fit cannot calculate how it compares to data. Technically speaking,
the only chance for the fit is randomly trying new parameter configurations until we are back in the lands of positive
cross section and this can be difficult in high dimensional parameter spaces 4.
From the theoretical point of view, if the final measured parameter combination is valid for both the just linear terms
and including the squared terms, the distance (if not too large) will tell us something about theory uncertainties.
Otherwise, the measured point (negative cross section) is invalid in a pure linear EFT. In other words, we can treat the
linear fit as an actual EFT expansion and the quadratic fit as an estimate of the truncation error, thus defining a validity
scale measurement by measurement.
It remains true that none of established approaches scales well to high-dimensional problems with many parameters
and observables, such as the SMEFT measurements, i.e. individual processes at the LHC are sensitive to several
operators and require simultaneous inference over a multi-dimensional parameter space. While a naive parameter
scan works well for one or two dimensions, it becomes computationally demanding for more than a few parameters.
Alternative, recent progress in putting significantly stronger bounds on effective dim= 6 operators than the traditional
approach is described in Refs. [124, 125].
4I am grateful to M. Duehrssen for this comment.
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Quadratic vs. linear: summary.
To summarize, the proper definition of “quadratic” EFT is as follows: given a “truncated” Lagrangian
L =L (4)+
1
Λ2
L (6)+
1
Λ4
L (8) , (134)
we distinguish between redundant and non-redundant operators:
L (6,8) =L
(6,8)
NR +∑
i∈R
O
(6,8)
i
δL (4)
δφ
, (135)
and redefine fields according to
φ→ φ− ∑
n=2,4
1
Λn ∑i∈R
O
(n+4)
i . (136)
The corresponding shift inL will eliminate redundant operators but leave a term
∆L =− 1
Λ4
[δL (4)
δφ ∑i∈R
O
(8)
i +
δL (6)
δφ ∑i∈R
O
(6)
i +
1
2
δ 2L (4)
δφ2 ∑i, j∈R
O
(6)
i O
(6)
j
]
. (137)
Once again, ∆L will never generate terms that are not present in L (8) (symmetry); however, when it comes to
the interpretation of “fitted” Wilson coefficients in terms of the low-energy behavior of some high--energy (possibly
complete) theory including or not all possible sources of higher-dimensional terms will make a difference.
Once redundant operator are eliminated we will have
L =−1
2
Zi jφ ∂µφi ∂µφ j−
1
2
Zi jm φi φ j +Lrest , (138)
where the non-canonical normalization is
Zi jφ = δ
i j +
1
Λ2
δZ(6) ; i jφ +
1
Λ4
δZ(8) ; i jφ ,
Zi jm = m
2
i δ
i j +
1
Λ2
δZ(6) ; i jm +
1
Λ4
δZ(8) ; i jm . (139)
We therefore rescale fields and masses (and possibly couplings) in order to reestablish canonical normalization. This
additional transformation will affectLrest. Actually, this is not the end of the story since we have to link the parameters
of the Lagrangian to a given set of experimental data, the so-called IPS [126]. These relations will, once again, change
Lrest. In any extension of the SM the Higgs- as well as the gauge-boson masses can be chosen on-shell and the SM
parameters defined via GF,MW,MZ , where GF is the Fermi coupling constant. BSM parameters are treated as MS
parameters; the various renormalization schemes differ in the treatment of tadpole contributions [127, 128].
Once we have obtained the Lagrangian, up to O
(
1/Λ4
)
, we can obtain Feynman rules and amplitudes. When we say
that a given LO amplitude contains terms up to O
(
1/Λ4
)
we mean single and double insertions of higher dimensional
operators in the LO diagrams obtained from L (4) (plus set of diagrams having new structures, not originating from
L (4)). Given
A = A(4)+
1
Λ2
A(6)+
1
Λ4
A(8) , (140)
linear means including the interference between A(4) and A(6), quadratic means the complete inclusion of all terms
giving 1/Λ4 (not only the square of A(6)).
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7. A two scale problem
In this section, we will consider a dim = 4 Lagrangian containing two heavy, almost degenerate, degrees of freedom
and derive an effective Lagrangian taking into account their mass difference. The simple example is given by the
following Lagrangian 5:
L = −1
2
∂µφ∂µφ−
1
2
Lint(φ)− 12 ∑i=1,2
(∂µχi ∂µχi+M
2
i χ
2
i )
− φ2 (λ1χ21+λ2 χ22)−λ12 χ21 χ22−λ3 χ41−λ4 χ42−λ5 φ2 χ1 χ2 . (141)
We assume a scenario where mMi but |M21−M22 |M21 +M22 , with M1 >M2. We expand χi = χci +χ and apply the
background field method (BFM) formalism [130–133], integrating over χ1,χ2. We are interested in Green’s functions
with external φ -lines and, for the sake of simplicity, we will neglect the mixed heavy-light contributions to the effective
action. The BFM Lagrangian is
L2 =
1
2
χ† X χ , X = (2−M2+)τ0−M2− τ3+Y , (142)
where M2± = 1/2(M21 ±M22), τa are the Pauli matrices, τ0 is the identity matrix and
Y =−
(2λ1 λ5
λ5 2λ2
)
φ2 . (143)
A key problem in relation to the degenerate case, M1 = M2 is represented by the fact that the mass matrix does
not commute with Y . We can derive a triple expansion, in 1/M21,2 and M
2− following the general result obtained in
Ref. [134] and based on a generalized heat kernel expansion,
ln | detD |=−1
2
∫ ∞
0
dt
t
ρ(t)Tr exp(−t D† D) . (144)
The kernel ρ(t) formally defines the regularization procedure. We define
2In = Jn(M21)+ Jn(M
2
2) , Jn(µ
2) =
∫ ∞
0
dt tn−2ρ(t) exp(−µ2 t) , (145)
and obtain
J1 = [div ]−1 , J2 = 1µ2 , J3 =
1
µ4
, J4 =
2
µ6
, (146)
etc. The divergent part ([div ]) is regularization dependent. The effective Lagrangian can be written as
L eff =
1
32pi2
∞
∑
n=0
(−1)n 2n−4 In−1 TrOi , (147)
where O0 = 1 and
O1 =−Y , O2 = 12 Y
2−M2−Y3 , O3 =−
1
3!
Y 3+
1
12
∂µY ∂µY +
1
2
M2−Y3 Y , (148)
O4 =
1
4!
Y 4− 1
12
Y ∂µY ∂µY +
1
120
(2Y )2− 1
6
M2−Y3 Y
2+
1
12
M2− τ3 ∂µY ∂µY −
1
12
M4− (Y
2−Y 23 )+
1
3
M6−Y3 , (149)
and where Y3 = τ3 Y . Therefore
φ6 , (φ∂µφ)
2 , φ8 , φ2 (φ∂µφ)
2 , (2φ2)2 , . . . (150)
operators are generated and the (small) mass difference between the two heavy fields is properly taken into account.
The problem with more, almost degenerate, scales can be treated according to the formulation of Ref. [135].
5For more realistic models see Ref. [129]
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8. Mixed heavy-light effects
In this section we consider a dim = 4 Lagrangian containing one light field φ and one heavy field Φ,
L =
1
2
φ(2−m2)φ+ 1
2
Φ(2−M2)Φ+Lint(φ ,Φ) . (151)
We would like to integrate the heavy field in a manner that includes both heavy and heavy-light (loop) contribution.
The procedure is standard; the light field is decomposed in φ= φc + φ and there is no classical part for Φ. According
to the BFM formalism we write
L =L (φc)+
1
2
ψ† X ψ+O
(
ψ3
)
, ψ† = (φ ,Φ) , (152)
where X = τ02−M+Y , τ0 being the identity, M is the (squared) mass matrix and Y depends on φc. The relevant
object is
Tr ln
[
τ02x−M+Y (x)]δ 4(x− y) = ∫ d4x ∫ d4q
(2pi)4
tr ln
[
−τ0 q2−M+2+2 i p ·∂ +Y] . (153)
When m and M are the same we rewrite the square bracket in Eq.(153) as
− (q2+M2)(τ0+K) , (154)
and expand ln(τ0+K) in powers of the matrix K obtaining the large M expansion.
Matrix logarithm.
One should observe that
tr ln(A+B) = tr lnA+ tr lnB , if A,B are both positive−definite , (155)
ln(AB) = lnA+ lnB , if A,B commute . (156)
To be more precise: let A,B ∈Cn×n commute and have no eigenvalues on R−; if for every eigenvalue λi of A and the
corresponding eigenvalue µi of B, | argλi+ argµi |< pi , then lnAB = lnA+ lnB, the principal logarithm of AB
It is easily seen that the degenerate matrix M does not commute with Y and they are not both positive-definite 6. A
solution to this problem can be found by observing that there is a theorem involving the matrix logarithm [136] stating
that
ln(A+B)− lnA =
∫ ∞
0
dµ2
[
(A+µ2 I)−1− (A+B+µ2 I)−1
]
, (157)
where I is the unit matrix. A quite similar approach has been developed in Ref. [113].
Taylor expansion for matrix logarithms.
The correct Taylor expansion in Eq.(157) is [137, 138]
ln(A+B)− lnA =
∫ ∞
0
dµ2
[
A−1+ BA
−1
+ −A−1+ BA−1+ BA−1+ + . . .
]
, (158)
where A+ =A+µ2 I. We will not care about the requirement of boundedness since it involves mathematical machin-
ery [138] going beyond the scope of the present work.
6A symmetric n × n real matrix M is said to be positive definite if the scalar (z , Mz) is strictly positive for every non-zero column vector z of n
real numbers.
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Self-adjoint operators.
The other restriction that should be mentioned here is that the standard BFM result, Det | D |, follows only if the
operator D is self-adjoint [139].
9. Extensions of the Yukawa model, including heavy-light contributions
In this section we consider a Lagrangian containing one massless fermion, one light scalar and one heavy particle:
a) heavy scalar:
LYS = −12 ∂µφ∂µφ−
1
2
m2φ2− 1
4
gφ4−ψ (/∂ −λ1 φ)ψ
− 1
2
∂µS∂µS−
1
2
M2 S2− 1
4
λ4 S4+λ2ψψS−λ3 φ2 S2 , (159)
b) heavy vector:
LYV = −12 ∂µφ∂µφ−
1
2
m2φ2− 1
4
gφ4−ψ (/∂ −λ1 φ)ψ
− 1
2
(∂µWν ∂µWν −∂µWν ∂ν Wµ +M2 Wµ Wµ)+
1
4
λ2 φ2 Wµ Wµ +λ3ψ γµ ψWµ . (160)
The Lagrangians are invariant under ψ→ γ5ψ, φ→−φ. The goal is to derive the dim = 6 Lagrangian obtained by
integrating the W(S) field when the heavy-light mixing is not neglected. In terms of loops we will consider only those
diagrams where there is at least one internal heavy line. Case b) will be used to illustrate problems that should not
be underestimated, e.g. we have written an explicit mass term for the vector field. When extending the SM with new
vectors the masses can arise from vacuum expectation values of extra scalar fields (the “mixing” problem will arise),
but this is usually neglected in the literature.
TG operators.
There are TG operators, e.g. from Eq.(159) we have
dim = 6 | λ
2
2
M2
(ψψ)2 ,
dim = 8 | − λ
2
2
M4
ψψ2ψψ , −λ 22 λ3
M4
(ψψ)2 φ2 . (161)
LG operators, heavy scalar.
To derive LG operators we use the BFM formalism: we split the light fields as φ= φc+φ and ψ = ψc+ψ while there
is no classical part for the heavy fields, i.e. we are not interested in Green’s functions with external heavy degrees of
freedom. The BFM Lagrangian becomes the sum of two terms
Lf =−ψXfψ+ηψ+ψη , Lb = 12 Φ
t
i Xi jΦ j , (162)
where i = 1,2 Φt = (S , φ), and the matrix X is block diagonal
X11 =2−M2−2λ3 φ2c , X22 =2−m2−3gφ2c , (163)
while Xf = /∂ −λ1 φc. Furthermore the source η is defined by
η= (λ1 φ+λ2 S)ψc . (164)
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The standard result for the integration over the fermion field would be
exp
{−Tr lnXf− i ∫ d4xd4yη(x)X−1f (x,y)η(y)} . (165)
Instead of dealing with the inverse of Xf we prefer to use
Zf =
∫ [
D ψ
][
D ψ
]
exp
{
i
∫
d4x
[
ψXfψ+ηψ+ψη
]}
= exp
{−iλ1 ∫ d4zφc(z) δ 2δη(z)δη(z)}
×
∫ [
D ψ
][
D ψ
]
exp
{
i
∫
d4x
[
ψ/∂ ψ+ηψ+ψη
]}
. (166)
After introducing SF,
/∂x SF(x− y) = δ 4(x− y) , (167)
we conclude that
Zf = exp
{−Tr ln /∂}[1− iλ1 ∫ d4zφc(z) δ 2δη(z)δη(z) + . . .] exp{i
∫
d4xd4yη(x)SF(x− y)η(y)
}
. (168)
The effective Lagrangian can be derived from the following expression
Z = exp
{−Tr ln(/∂ )} ∫ [D S][D φ] exp{i ∫ d4xd4yLΦ(x,y)}
×
[
1+ loops + i
∫
d4x1d4x2η(x1)Γ(x1,x2)η(x2)+ . . .
]
, (169)
where we have introduced
LΦ =
1
2
Φ†(x)X(x)Φ(x)δ 4(x− y)+η(x)SF(x− y)η(y) , Γ(x,y) =∑
i, j
λ i1λ
j
2 Γi j(x,y) , (170)
where Γi j are open strings of γ -matrices and of propagators SF while “loops” indicates closed strings, generating
loop diagrams with internal fermion lines; the latter will be discarded while the open strings are exponentiated to the
desired order. Results will be given at a fixed order in the couplings, i.e. λ i1λ
j
2 λ
k
3 with i+ j+ k ≤ 4. The effective
Lagrangian becomes
exp
{
i
∫
d4xLeff
}
∝
∫ [
D S
][
D φ
]
exp
{
i
∫
d4xLd(x)+ i
∫
d4xd4yLnd(x,y)
}
, (171)
containing a diagonal and a non-diagonal part,
Ld =
1
2
Φ†(x)Dl(x)Φ(x) , Lnd =Φ†(x)Dnl(x,y)Φ(y) . (172)
When we insert η from Eq.(192) into Eq.(169) we obtain∫
d4xd4yη(x)Γ(x,y)η(y) =
∫
d4xd4y
[
S(x)S11(x , y)S(y)+φ(x)S22(x , y)φ(y)
+ S(x)S12(x , y)φ(y)+φ(x)S21(x , y)S(y)
]
+O
(
field3
)
, (173)
where the elements of symmetric matrixS are
S11(x , y) = −λ 22 ψc(x)S(x,y)ψc(y)+λ1λ 22
∫
d4z1ψc(x)S(x,z1,y)ψc(y)φc(z1)
− λ 21 λ 22
∫
d4z1 d4z2ψc(x)S(x,z1,z2,y)ψc(y)φc(z1)φc(z2) ,
32
S22(x , y) = −λ 21 ψc(x)S(x,y)ψc(y)+λ 31
∫
d4z1ψc(x)S(x,z1,y)ψc(y)φc(z1)
− λ 41
∫
d4z1 d4z2ψc(x)S(x,z1,z2,y)ψc(y)φc(z1)φc(z2) ,
S12(x , y) = −λ1λ2ψc(x)S(x,y)ψc(y)+λ 21 λ2
∫
d4z1ψc(x)S(x,z1,y)ψc(y)φc(z1)
− λ 31 λ2
∫
d4z1 d4z2ψc(x)S(x,z1,z2,y)ψc(y)φc(z1)φc(z2) , (174)
where higher orders in the couplings have been neglected. The strings S are given by
S(x , z1 , . . . , zn , y) = SF(x− z1) . . . SF(zn− y) . (175)
We now assemble the various pieces with no attempt at mathematical rigor but avoiding highly questionable steps that
sometimes appear in the literature. Putting together the various ingredients we obtain
exp
{
i
∫
d4xLeff ∝
∫ [
D S
][
D φ
]
exp
{− i
2
∫
d4xd4yΦ†(x)∆(x , y , ∂x)Φ(y)
}
, (176)
where ∆ is the sum of two pieces,
∆(x , y , ∂x) = ∆loc(x , ∂x)δ 4(x− y)+∆nloc(x , y) , (177)
∆loc11 =−2x+M2+2λ3 φc(x) , ∆loc22 =−2x+m2+3gφc(x) ,
∆nloci j (x , y) = −2Si j(x , y) . (178)
Using
SF(x− y) = 1
(2pi)4 i
∫
d4q exp{iq · (x− y)} −i/q
q2
, (179)
the result of the functional integration is
exp
{
i
∫
d4xLeff
}
∝ exp
{
−1
2
Tr
∫ d4q
(2pi)4
ln exp{iq · (x− y)}
[
∆loc(x ,∂ + iq)+
1
i
∆nloc(q , x , y)
]}
= exp
{
−1
2
∫
d4x
d4q
(2pi)4
tr ln
[
∆loc(x ,∂ + iq)+
1
i
∆nloc(q , x , x)
]}
. (180)
For instance, we have
S22(x , y) = −λ 21 ψc(x)S(x , y)ψc(y) =−
λ 21
(2pi)4 i
∫
d4q exp{iq · (x− y)}ψc(x)
−i/q
q2
ψc(y)
=
1
(2pi)4 i
∫
d4q exp{iq · (x− y)}S22(q , x , y) (181)
The matrix ∆ is transformed into
∆loc11(q , x) = q
2+M2−2−2 iq ·∂ +2λ2 φc(x) ,
∆loc22(q , x) = q
2+m2−2−2 iq ·∂ +3gφc(x) ,
∆nloci j (q , x) = 2Si j(q , x) . (182)
The non-local part is given by
S11(q , x) = λ 22 ψc(x)
/q
q2
ψc(x)+λ1λ 22
∫
d4 p exp{i p · x} 1
q2 (q− p)2 ψc(x)(q
2+/q/p)ψc(x)φc(p)
33
+
1
2
λ 21 λ
2
2
∫
d4 p1d4 p2 exp{i(p1+ p2) · x} 1q2 (q− p1− p2)2 ψc(x)
×
{ 1
(q− p1)2
[
/q/p1 /p2+(q− p1)2 /q−q2 /p2
]
+
1
(q− p2)2
[
/q/p2 /p1+(q− p2)2 /q−q2 /p1
]}
× ψc(x)φ(p1)φ(p2)+h.o. , (183)
with similar terms for the other entries of the matrix. In Eq.(183) φc(p) is the Fourier transform of φc(x). While
it is well known that heavy contributions can be solved in terms of tadpole integrals the non-local nature of the
mixed heavy-light contributions requires the introduction of quasi-tadpoles. In performing the functional integration
in Eq.(180) we have used the fact that the operatorS nloc is self-adjoint, i.e.
〈φ ,S S〉=
∫
d4xd4yφ(x)S12(x , y)S(y) = 〈S φ , S〉=
∫
d4xd4yφ(x)S †12(y , x)S(y) . (184)
The matrix ∆ is rewritten as
∆i j = Pi j +Ki j , (185)
where P is diagonal, i.e.
P11 = q2+M2 , P22 = q2+m2 , (186)
and we use
ln(P+K)− lnP =
∫ ∞
0
dµ2
[
(P+µ2 I)−1− (P+K+µ2 I)−1
]
, (187)
to obtain
L =
∫
d4q tr ln ∆ |∂=∂+iq , x=y=
∫
d4qtr
{
lnP+
∫ ∞
0
dµ2
[
(P+µ2 I)−1− (P+K+µ2 I)−1
]}
, (188)
With P+ = P+µ2 I we expand as follows:
(P++K)−1 = P−1+ (I+KP
−1
+ )
−1 = P−1+ +P
−1
+
∞
∑
n=1
(−KP−1+ )n , (189)
L = (field independent) −
∫ ∞
0
dµ2
∫
d4q trP−1+
∞
∑
n=1
(−KP−1+ )n . (190)
LG operators, heavy vector.
In the Lagrangian of Eq.(162) the indices are i = 0, . . . ,5 and the fields are Φt = (Wµ , φ), where the block diagonal
matrix X becomes
Xµν = (2−M2+ 12 λ2 φ2c)δµν −∂µ∂ν , X55 =2−m2−3gφ2c , (191)
with Xf = /∂ −λ1 φ. The source η is now defined by
η= (λ1 φ+λ3 γµ Wµ)ψc . (192)
The effective Lagrangian can now be derived from the following expression
Z = exp
{−Tr ln(/∂ )} ∫ [DWµ][D φ] exp{i ∫ d4xd4yLΦ(x,y)}
×
[
1+ loops + i
∫
d4x1d4x2η(x1)Γ(x1,x2)η(x2)+ . . .
]
. (193)
The effective Lagrangian becomes
exp
{
i
∫
d4xLeff
}
∝
∫ [
DWµ
][
D φ
]
exp
{
i
∫
d4xLl(x)+ i
∫
d4xd4yLnl(x,y)
}
, (194)
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containing a local and a non-local part. When we insert η from Eq.(192) into Eq.(169) we obtain∫
d4xd4yη(x)Γ(x,y)η(y) =
∫
d4xd4y
[
φ(x)φ(y)S55(x , y)+φ(x)Wµ(y)S5µ(x , y)
+ Wµ(x)φ(y)Sµ 5(x , y)+Wµ(x)Wν(y)Sµ ν(x , y)+O
(
field3
)
, (195)
where the elements ofS are
Sµ ν(x , y) = −λ 23 ψc(x)Sµν(x , y)ψc(y)
+
1
2
λ1λ 23
∫
d4z1
[
ψc(x)Sµν(x , z1 , y)ψc(y)+ψc(y)Sνµ(y , z1 , x)ψc(x)
]
φc(z1)
− 1
2
λ 21 λ
2
3
∫
d4z1d4z2
[
ψc(x)Sµν(x , z1 , z2 , y)ψc(y)+ψc(y)Sνµ(y , z1 , z2 , x)ψc(y)
]
φc(z1)φc(z2)+h.o.
S55(x , y) = −λ 21 ψc(x)S(x , y)ψc(y)
+
1
2
λ 31
∫
d4z1
[
ψc(x)S(x , z1 , y)ψc(y)+ψc(y)S(y , z1 , x)ψc(x)
]
φc(z1)
− 1
2
λ 41
∫
d4z1d4z2
[
ψc(x)S(x , z1 , z2 , y)ψc(y)+ψc(y)S(y , z1 , z2 , x)ψc(y)
]
φc(z1)φc(z2)+h.o.
Sµ 5(x , y) = −λ1λ3ψc(x)Sµ 1(x , y)ψc(y)
+
1
2
λ 21 λ3
∫
d4z1
[
ψc(x)Sµ 1(x , z1 , y)ψc(y)+ψc(y)S1µ(y , z1 , x)ψc(x)
]
φc(z1)
− 1
2
λ 31 λ3
∫
d4z1d4z2
[
ψc(x)Sµ 1(x , z1 , z2 , y)ψc(y)+ψc(y)S1µ(y , z1 , z2 , x)ψc(y)
]
φc(z1)φc(z2)
+ h.o. (196)
and the strings S are now given by
S(x , z1 , . . . , zn , y) = SF(x− z1) . . . SF(zn− y) ,
Sµ 1(x , z1 , . . . , zn , y) = γµ SF(x− z1) . . . SF(zn− y) ,
S1µ(x , z1 , . . . , zn , y) = SF(x− z1) . . . SF)(zn− y)γµ ,
Sµν(x , z1 , z2 , y) = γµ SF(x− z1)SF(z1− z2)SF(z2− y)γν . (197)
Putting together the various ingredients we obtain
exp
{
i
∫
d4xLeff ∝
∫ [
DWµ
][
D φ
]
exp
{− i
2
∫
d4xd4yΦ†(x)∆(x , y , ∂x)Φ(y)
}
, (198)
where ∆ is the sum of two pieces,
∆(x , y , ∂x) = ∆loc(x , ∂x)δ 4(x− y)+∆nloc(x , y) , (199)
∆locµ ν =
[
−2x+M2− 12 λ2 φc(x)
]
δµ ν +∂µ ∂ν
∆loc55 =
[
−2x+m2+3gφc(x)] ,
∆nloci j (x , y) = −2Si j(x , y) . (200)
The matrix ∆ is transformed into
∆locµ ν(q , x) =
[
q2+M2−2−2 iq ·∂ − 1
2
λ2 φc(x)
]
δµ ν −qµqν +∂µ ∂ν + i(qµ∂ν+qν∂µ) ,
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∆loc55(q , x) = q
2+m2−2−2 iq ·∂ +3gφc(x) ,
∆nloci j (q , x) = 2Si j(q , x) . (201)
For the non-local part we present only one term,
S55(q , x) = λ 21 ψc(x)
/q
q2
ψc(y)+λ 31
∫
d4 p exp{i p · x} 1
(q− p1)2 ψc(x)ψc(x)φc(p)+O
(
λ 41
)
. (202)
Also in this case we have used the fact that the operatorS nloc is self-adoint, i.e.
〈φ ,Sµ Wµ 〉=
∫
d4xd4yφ(x)Sµ(x , y)Wµ(y) = 〈Sµ φ , Wµ 〉=
∫
d4xd4yφ(x)S †µ (y , x)W
µ(y) . (203)
9.1. LG operators, prelims
In order to understand local and non-local contributions to the higher-dimensional Lagrangians we consider a simple
example:
I =
∫
ddqd4 p
1
q2 (q2+M2)(q+ p)2
exp{i p · x}φc(p)ψc(x)ψ(x) . (204)
Note that we compute the q -integral in dimension regularization. Since
I =
1
M2
∫
ddqd4 p(
1
q2
− 1
q2+M2
)
1
(q+ p)2
exp{i p · x}φc(p)ψc(x)ψ(x) , (205)
and writing ∫
ddq
1
(q2+M2)(q+ p)2
=
∫
ddq
1
q2 (q2+M2)
(
1− p
2−2q · p
q2+M2
+ . . .
)
, (206)
we obtain a non-local term of O
(
1/M2
)
,
Inloc =
ipi2
M2
ψc(x)ψ(x)φc(x)B0(p
2 ; 0 , 0) , (207)
and a local one, also of O
(
1/M2
)
,
Iloc =
ipi2
M2
ψc(x)ψ(x)φc(x)a 0(M) , (208)
where
a 0(M) =−1ε + ln
M2
µ2R
−1 , B0(p2 ; 0 , 0) = 1ε − ln
p2− i0
µ2R
+2 , (209)
with 1/ε = 2/(4− d)− γ − lnpi and where µR is the renormalization scale; as shown B0 has a branch cut along the
negative p2 -axis. The origin of the non-local term is in the heavy-light loops.
More significant examples are the following:
IC =
∫
ddq
1
(q2+M2)((q+ p1)2+M2)((q+ p1+ p2)2+M2)
,
ID =
∫
ddq
1
(q2+M2)((q+ p1)2+m2)((q+ p1+ p2)2+m2)((q+ p1+ p2+ p3)2+m2)
. (210)
The iteration of
1
(q+ p)2+M2
=
1
q2+M2
[
1− p
2+2 p ·q
(q+ p)2+M2
]
, (211)
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and suitable changes of the loop momentum give:
IC =
ipi2
M2
[1
2
− 1
6
p21+(p1+ p2)
2
M2
+O
(
1
M4
)]
. (212)
Results that are polynomial in external momenta (contact interactions) are, by definition, local. For the 4-point
function we derive
ID = − ipi
2
M4︸ ︷︷ ︸
loc
+ ipi2 [non-loc ] ,
non-loc =
1
M2
C0(p2 , p3 ; m , m , m)+
1
M4
[
(m2− p21)C0(p2 , p3 ; m , m , m)
+ 2 p1 · p2 C11(p2 , p3 ; m , m , m)+2 p1 · p3 C12(p2 , p3 ; m , m , m)−Bfin0 (p3 ; m)
]
+O
(
1
M6
)
, (213)
where the UV divergent parts have been shifted to the local part. Non-local terms are given by loops with less
internal (light) lines and show the characteristic pattern of singularities (e.g. normal or anomalous [140] thresholds)
of 2(3 , . . .) -point functions.
The procedure based on Eq.(211) is the one used in Ref. [141] to compute two-loop large Higgs mass correction to
the ρ -parameter. To first order it amounts to replace
1
(q+ p)2+M2
→ 1
q2+M2
[
1− p
2+2 p ·q
q2+M2
]
, (214)
which reproduces the correct result for one-loop diagrams but fails at the two-loop level where both q and p are loop
momenta (the p integral becomes more divergent); of course Eq.(214) cannot be used for p2 =−M2. More details are
given in Ref. [142] but one additional example is as follows. Consider the function
F(P2 , M) =
∫
ddq
1
q2 ((q+ p1)2+M2)(q+ p1+ p2)2
, (215)
where p2i = 0 and P = p1+ p2. The explicit results is
F(P2 , M) =
1
P2
[
Li2 (1)−Li2
(
1− P
2− i0
M2
)]
, (216)
where Li2 (z) is the di-logarithm of z. Using well-known properties of the di-logarithm we obtain the following
expansion
Li2
(
1− P
2− i0
M2
)
= Li2 (1)
− P
2
M2
− 1
4
( P2
M2
)2
+ . . .
+
P2
M2
[
1+
1
2
P2
M2
+ . . .
]
ln
P2
M2
. (217)
The function F has a branch cut along the negative P2 -axis (normal threshold) which is the origin of the non-local
terms, third line in Eq.(217). The corresponding logarithm could never be represented by a local effective lagrangian
and is a distinctive feature of long distance (low energy) quantum loops. Using Eq.(214) we obtain
F(P2 , M) =
∫
ddq
1
q2 (q2+M2)(q+P)2
[
1−2 P ·q
q2+M2
]
+ . . .
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Figure 1: Tree generated dim = 6 operator and its insertion in a loop diagram.
=
1
M2
∫
ddq
( 1
q2
− 1
q2+M2
) 1
(q+P)2
+ . . .
=
1
M2
{[1
ε
− ln P
2
µ2R
+2
]
−
[1
ε
− ln M
2
µ2R
+2− (1+ M
2
P2
) ln(1+
P2− i0
M2
)
]}
+ . . .
=
1
M2
(
1+ ln
M2
P2
)
+ . . . (218)
as expected. If the internal masses are (M , 0 , M) instead of (0 , M , 0) the normal threshold is at P2 =−4M2, i.e. we
can Taylor expand around P2 = 0.
Heavy-light LO and light NLO.
Consider a one-loop diagram in the high-energy theory with one heavy internal line and several light internal lines.
Deriving the corresponding heavy-light contribution is equivalent to shrink the heavy line to a point which, on the
other hand, is equivalent to the insertion of one dim = 6, tree-generated, operator inside a one-loop diagram of the
theory where the heavy fields have been removed: the latter is nothing but a part of NLO EFT. Therefore, when
going to NLO EFT one has to be careful in avoiding double counting if heavy-light contributions have already been
included. The presence of non-local terms within the BFM formalism has been nicely illustrated in Ref. [143], see
their sect. 5.1 and sect. 7.3. To give an example, consider a scalar theory with a light field φ and an heavy one H
(of mass M). In fig.(1) we show the tree diagram generating a dim = 6 operator, φ4 (denoted by a black box). This
operator is inserted into a loop diagram of the light theory reproducing the term of O
(
1/M2
)
in the non-local part of
the box in Eq.(213).
9.1.1. Loops, matching, and all that
The upshot of this is that the EFT Lagrangian is determined by the local part of the loops, i.e. the local effective action
is the one which can be expanded in terms of local operators (only has terms with a bounded number of derivatives).
Diagrams of the underlying theory with light external legs and heavy internal ones admit a local low-energy limit.
As anticipated, diagrams of the underlying theory with light external legs and mixed internal legs [9, 72, 111, 112]
may show normal-threshold singularities in the low-energy region and give inherently non-local parts which can be
matched to one-loop EFT Green’s functions (the two theories are identical in the IR, so non-analytic terms depending
on the light fields must be the same).
The correspondence is shown in fig.(2) and in fig.(3). In both figures light particles (of mass m) are represented by
dashed lines, heavy particles (of mass M) by straight lines. We are interested in the region
√
s , mM and s > 4m2.
The left diagram (underlying theory) in fig.(2) has a normal threshold at s= 4M2 and corresponds to a loop-generated
operator (denoted by a black circle) in the corresponding tree-level EFT. The left diagram (underlying theory) in
fig.(3) has a normal threshold at s= 4m2 and corresponds (one-loop matching) to the right diagram which is one-loop
EFT with the insertion of a tree-generated operator (denoted by a grey circle). Therefore, to match amplitudes we
also need to compute one-loop scattering amplitude in the effective theory, very much in the same way as indicated in
Ref. [113].
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Figure 2: Correspondence between X ′ and XEFT: the local case.
The full theory is renormalizable and will yield finite predictions in terms of its renormalized (mixed on-shell and
MS) parameters [86, 127]. The EFT will have quite different UV properties because it is missing the heavy degrees
of freedom (but the divergencies will disappear through the renormalization of Wilson coefficients), however the low
energy effects will be similar in both calculations. In particular, the non-local behavior is exactly what is found by
taking the low-energy limit of the full theory, expanded to this order [143, 144]. The key advantages are a more
precise matching and the appearance of some important kinematic dependence, e.g. also the coefficients of “kine-
matic” logarithms match [143]; an explicit example, pi+pi0→ pi+pi0 in the linear sigma-model, is shown in sect. 7.3
of Ref. [143]. As far as normal threshold singularities are concerned we mention that loop calculations should be
performed in the so-called complex-mass scheme [145–147]. As a matter of fact, Ref. [143] underlines that the most
important predictions of the EFT are related to non–analytic in momenta loop contributions which modify tails of
distributions. For a covariant treatment of logarithms in the EFT expansion Ref. [148] points out that we can use a
spectral representation, i.e.
ln
(− 2
µ2R
)
=
∫ ∞
0
dm2
( 1
m2+µ2R
− 1
m2−2
)
. (219)
The traditional approach splits the non-local contributions into one-loop EFT diagrams with TG operator insertions
(e.g. the “non-loc” term in Eq.(213)), which are not inserted into the EFT Lagrangian and LG operators used at tree
level (e.g. first term in Eq.(213)) which constitute the heavy–light contributions to matching. This splitting should be
carefully described since triangles, boxes etc have both local and non-local parts, as shown in Eq.(217). The authors
of Ref. [143] draw our attention to the fact that non–local effects correspond to long distance propagation and hence to
the reliable predictions at low energy. The local terms by contrast summarize the unknown effects from high energy.
Having both local and non–local terms allows us to implement the full EFT program.
One way or the other, once the matching is done, all processes can be calculated using the “fitted” (renormalized)
Wilson coefficients without the need to match again for each process.
The authors of Ref. [114] use a different language, based on “expansion by regions” [149, 150], separating the hard
region contribution from the soft one:
hard | q2 |∼ M2 | p2i |
soft M2 | q2 |∼| p2i |
and reach the conclusion that the EFT Lagrangian at one-loop is then containing only the hard part of the loops.
Low-energy limit, Mellin-Barnes expansion .
If we deal with the low-energy limit from a diagrammatic point of view [74] the best technique is given by Mellin-
s →
Figure 3: Correspondence between X ′ and XEFT: the non local case.
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Barnes expansion [151]. Consider a simple example,
I =
∫
ddq
1
(q2+m2)((q+ p1)2+M2)((q+ p1+ p2)2+m2)
, (220)
where p2i =−m2 and s =−(p1+ p2)2. We introduce
M2 = λ m2 , s = 4m2 r , (221)
and derive the following representation in Feynman parameter space,
I =
1
m2
∫ 1
0
dx
∫ x
0
dy
[
x2−4ry(x− y)+λ (1− x)
]−1
, (222)
where r must be understood as r+ i0 and λ as λ − i0. It follows
I =
1
2pi i
∫ + i∞
− i∞
dtB(t , 1− t)
∫ 1
0
dx
∫ x
0
dy
[
λ (1− x)]t−1 [x2−4ry(x− y)]−t , (223)
which is valid in the vertical strip 0 < Ret < 1 and where B is the Euler beta-function. The x−y integral can be
expressed as
B(2−2t , t)
∫ 1
0
dy
[
1−4ry(1− y)]−t , (224)
giving
I =
1
2pi i
∫ + i∞
− i∞
dtλ t−1 B(t , 1− t)B(2−2t , t)
∫ 1
0
dy
[
1−4ry(1− y)]−t . (225)
Since we are interested in the limit λ → ∞, the t -integral will be closed over the left-hand complex half-plane at
infinity, with double poles at t= 0 ,−1 , . . . . Using the well know Laurent and Taylor expansions of the Euler gamma-
function we obtain the result summing over the poles; the leading term in the expansion, O (1/λ ), gives
I =
1
M2
{
1+ lnλ −
∫ 1
0
dy ln
[
1−4ry(1− y)
]}
+O
(
1
M4
)
, (226)
showing the large momentum logarithm. For s < 4m2 (unphysical region) we can expand the second logarithm in
powers of r (Taylor expansion); for s > 4m2 we are above the normal threshold and the y -integral is the UV finite part
of a two-point functions, showing the non-local, kinematic, logarithm
−β ln β +1
β −1 , β
2 = 1− 1
r
. (227)
To summarize, for
√
s , mM, we can Taylor expand only in the region s < 4m2, Note the presence of an imaginary
part in Eq.(227), pi β , when s > 4m2. Non-local contributions to the effective Lagrangian usually contain the function
L(z) =
∫ d4q
(2pi)4
exp{iq · z} ln q
2
µ2
, (228)
inside a term φ(x)L(x− y)φ(y).
The next term in the expansion is given by the residue of the pole at t =−1 and gives
1
M4
2
β 2−1
[
1+β 2−2(1−3β 2) ln M
2
m2
−4β 3 ln β +1
β −1
]
, (229)
showing again large momentum and kinematic logarithms.
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9.2. LG operators, results
Heavy scalar, explicit results.
Before presenting the list of dim = 6 operators and their coefficients, functions of the parameters in the high-energy
theory, some considerations are needed. Following sect. 7 of Ref. [130] we use the fact that, within the BFM algorithm,
one may make use of the (BFM) EoMs to simplify the counter-Lagrangian. In our case they read as follows:
/∂ ψc = λ1 φcψc , /∂ ψc =−λ1 φcψc , (230)
where we have taken Sc = 0. From Eq.(190) we find UV poles proportional to
ψc γ
µ ψc ∂µφ
2
c =−φ2c
[
(∂µ ψc)γ
µ ψc+ψc γ
µ ∂µψc
]
+ t.d. (231)
which is zero by virtue of Eq.(230). Staring from Eq.(190) we derive UV divergent terms of dim = 4, e.g.
2λ1λ 22
(1
ε
− ln M
2
µ2R
)
ψcψc φc , (232)
which are canceled by a counter-Lagrangian, i.e. we start with
LYS = −Zφ 12 ∂µφ∂µφ−
1
2
m2 Zm Zφ φ2− 14 gZg Z
2
φ φ
4−Zψψ (/∂ −Z1 Z1/2φ λ1 φ)ψ
− 1
2
ZS ∂µS∂µS−
1
2
M2 ZM ZS S2− 14 λ4 Z4 Z
2
S S
4+λ2 Z2 Zψ Z
1/2
S ψψS−λ3 Z3 ZφZS φ2 S2 , (233)
instead ofEq.(159). The remaining dim = 6 terms are as follows:
Local Local operators are shown in tab. 9.2.
We can conceive a scenario where the fit has been performed using the basis [45]
Basis = {φ6 , ψψφ3 , (ψψ)2 , (ψ γ5ψ)2 , (ψ γµψ)2} , (234)
of potentially tree generated operators. The explicit calculation returns the following set of operators:
{φ6 , ψψφ3 , (ψψ)2 , (ψ γµψ)2 , φ32φ , ψψ2φ} , (235)
with equivalence relations
φ32φ≡ (φ6 , ψψφ3) , ψψ2φ≡ (ψψφ3 , (ψψ)2) . (236)
We stress that the equivalence of operators in Eq.(236) is a property of the EFT and can be used to change basis in
the EFT while the high-energy theory generates the operators in Eq.(235) with explicit Wilson coefficients given in
tab. 9.2. Mapping the parameters of the high-energy theory into the fitted Wilson coefficients corresponding to the
operators listed in Eq.(234) requires field transformations at the EFT level with dim = 8 compensations.
Non-local The corresponding contributions can be written as follows:
non-local = (2pi)4 N1
∫
d4 pd4q1d4q2 δ (4)(p+q1+q2)ψc(q1)ψc(q2)φc(p)
+ (2pi)4 ∑
i=1,2
N2i
∫
d4 p1d4 p2d4q1d4q2 δ (4)(p1+ p2+q1+q2)
× ψc(q1)/piψc(q2)φc(p1)φc(p2) , (237)
where
N1 = λ1λ 22
p2
M2
ln(p2) , N2i = λ 21 λ
2
2
Fi(p1 , p2)
M2
. (238)
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Coefficient Operator
λ 22
M2 (λ
2
1 ln
m2
M2 − 12 λ 22 ) ψc γµ ψcψc γµ ψc
− 89
λ 23
M2 φ
3
c2φc
4
3
λ 33
M2 φ
6
c
λ1 λ 22
M2 (
13
16 + ln
M2
µ2R
) ψcψc2φc
−4 λ1 λ 22 λ3M2 ψcψc φ3c
The functions Fi are combinations of three-point tensor integrals,
F1(p1 , p2) =
1
2
ln
p21
µ2R
− ln p
2
2
µ2R
− C11(p1 , p2 ; 0 , 0 , 0) p21−C11(p2 , p1 ; 0 , 0 , 0) p22
− C12(p1 , p2 ; 0 , 0 , 0) p22−C11(p2 , p1 ; 0 , 0 , 0)(p22+2 p1 · p2)
− 2C21(p1 , p2 ; 0 , 0 , 0) p21−2C22(p2 , p1 ; 0 , 0 , 0) p1 · p2
− 2C23(p1 , p2 ; 0 , 0 , 0)p1 · p2−2C23(p2 , p1 ; 0 , 0 , 0) p22
− 2Cfin24(p1 , p2 ; 0 , 0 , 0)p1 · p2 , (239)
where Cfin24 denotes the UV finite part of C24 (for a definition of the C-functions see ch. 5.1.4 of Ref. [152]). Finally,
F2(p1 , p2) = F1(p2 , p1). It is obvious from Eq.(239) that there is no advantage in deriving the non-local terms with
the expansion of Eq.(190); it is actually more convenient to use a diagram-by-diagram calculation in the high-energy
theory, followed by an expansion in M.
More details on matching can be found in Refs. [44, 112, 153]: for the matching procedure, we can use any choice
of external momenta, i.e. the momenta can be either on-shell or off-shell and for any small external momenta the full
and effective theories must be identical.
Heavy vectors, explicit results.
We have deliberately chosen this example to show the kind of problems that arise when the high-energy theory is not
UV complete. This fact should not be confused with a negative statement on renormalizability of the (interacting)
Proca theory where one introduces the Stueckelberg ghost [154], into the action of a vector field with a “naive mass
term”. In this way the Lagrangian leads to a manifestly gauge invariant action; this gauge invariance remains an exact
symmetry, if matter fields are introduced and the vector field is minimally coupled to conserved currents of these
fields. This, however, is not the case that we are considering. It is worth mentioning that we are dealing with an
accidental property of massive electrodynamics. Massive gauge fields are nonrenormalizable in general, i.e. for a
gauge group other than U(1).
In our example the local terms give rise to the following Lagrangian:
local boson =
1
2
λ2
(3
ε
−3 ln M
2
µ2R
+1
)
M2 φ2c
+
1
8
λ 22
(3
ε
−3 ln M
2
µ2R
−2)M2 φ4c
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− 3
8
λ 32
M2
(1
ε
− ln M
2
µ2R
)
φ6c
+
1
4
λ 22
M2
(9
ε
−9 ln M
2
µ2R
− 3
2
)
φ2c ∂µφc ∂µφc ,
local fermion = −1
4
λ2λ 23
M2
ψc /∂ ψc φ
2
c
− 4 λ
2
2 λ
2
3
M2
(1
ε
+3 ln
M2
µ2R
−4 ln m
2
µ2R
+
3
2
)
(ψcψc)
2
− 3 λ
4
3
M2
(1
ε
+
190
3
ln
M2
µ2R
+
55
36
)
ψc γ
µ ψcψc γ
µ ψc
− 3 λ
4
3
M2
ψc γ
µ γ5ψcψc γ
µ γ5ψc
− λ
2
1 λ
2
3
M2
(1
ε
+3 ln
M2
µ2R
−4 ln m
2
µ2R
+
3
2
)
ψcσ
µν ψcψcσ
µν ψc . (240)
In conclusion, Wilson coefficients show non renormalizable terms, as expected. This simple example shows the
riskiness of extending the SM with new vector bosons having “naive mass terms”; the standard argument against
is that longitudinal components do not have a falling off propagator, which means that loops involving longitudinal
vectors blow up as a power at high momentum. In gauge theories, gauge invariance guarantees that longitudinal
bosons are not produced, but this requires that gauge invariance is broken spontaneously not by the Lagrangian.
10. Interpreting derivative-coupled field theories
An old problem seen through the lens of EFT: consider the following Lagrangian,
L =−1
2
∂µφ∂µφ−
1
2
m2φ2− 1
4
λφ4− 1
2
a
Λ2
φ22 φ , (241)
where a is a Wilson coefficient and Λ>> m is a large scale. We can writeL =L0+Li with two options
L
(a)
0 =
1
2
φ
(2−m2− a
Λ2
22) φ , L (a)i =−14 λ φ4 ,
L
(b)
0 =
1
2
φ
(2−m2) φ , L (b)i =−12 aΛ2 φ22 φ− 14 λ φ4 . (242)
The equation of motion (EoM) gives (2−m2− a
Λ2
22) φ−λ φ3 = 0 . (243)
The first point to be investigated is the question of separation of the quadratic, i.e. propagator defining, part in L .
Thus let there be given a Lagrangian
L = φUφ+φVφ . (244)
One can either say that one has a propagator −(U+V)−1 for the φ -field or alternatively a propagator −U−1 and a
vertex V. Obviously, the two cases give the same result; however this requires summing over all possible insertions
of the vertex V, which is different from a truncated expansion in V.
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10.1. Option a)
Consider L (a) in Eq.(242): the first point to be investigated is the validity of Matthews’s theorem [155], i.e. the
Feynman rules are just those obtained by usingLi to determine the vertices and the covariant T∗ product to determine
the propagators (in other words, one can read Feynman rules from the Lagrangian). The validity of the theorem for
the Lagrangian of Eq.(241) has been proven long ago in Ref. [156] (see also Ref. [157]) where the authors used an
indirect implementation of canonical methods, finding an equivalent Lagrangian which contains only first derivatives
but yields the same results (the standard method, originally due to Ostrogradsky [158]). Always in Ref. [156] one can
find the spectrum of the theory: there are two masses, solutions of the equation
a
Λ2
µ4−µ2+m2 = 0 . (245)
To exclude tachyons we must have
a > 0 , a
m2
Λ2
<
1
4
. (246)
However, there is a negative metric for the particle with the larger mass, i.e. there is a “ghost” in the spectrum.
In the Ostrogradsky formalism the higher order derivatives are considered to be independent objects; however, this
means that new degrees of freedom are introduced. These additional degrees of freedom involve the unphysical
effects. To generalize the example consider a dim = 8 operator
L8 =−12
a
Λ4
φ23 φ . (247)
Two new fields are needed to write an equivalent first-order Lagrangian
L8 =
1√
a
Λ2ψ1ψ2−ψ12ψ1+ 1√
2
ψ22φ , (248)
which means that there could be more ghosts in the spectrum; indeed the mass spectrum is given by the values of µ2
that satisfy the cubic equation
a
Λ4
µ6−µ2+m2 , (249)
as it can be seen by inserting the Fourier decomposition for φ into the corresponding (linear) equation of motion. As
a matter of fact all roots are real only if a is positive and less tha 4/27Λ4/m4. However the product of the roots is
−m2; therefore, there is at leat one tachyon in the spectrum.
10.2. Option b)
With option b) one works at first order in 1/Λ2. The “dangerous” term (second order derivatives) is substituted by
using EoMs where terms of O(Λ−2) are neglected,
2φ= m2 φ2+λ φ3 , (250)
this can be achieved by using the transformation
φ→ φ+ 1
2
a
Λ2
2φ= φ+ 1
Λ2
O
(6)2 . (251)
Of course one could work at second order in Λ−2, including dim = 8 operators, etc.. The result is
L = L (4)+L (6)+L (8) ,
φ→ φ+ 1
Λ2
O
(6)2 , ∆L =
[δL (4)
δφ
+
δL (6)
δφ
] 1
Λ2
O
(6)2 + 12
δ 2L (4)
δφ2
1
Λ4
[
O
(6)2
]2
,
φ→ φ+ 1
Λ4
O
(8)2 , ∆L = δL
(4)
δφ
1
Λ4
O
(8)2 , (252)
where O(8)2 contains φ23 φ. There is a diagrammatic proof of these relations, see sect. 10.4 of Ref. [69].
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To summarize.
EoMs can be applied in order to covert terms in the interaction Lagrangian [67]; the statement is nontrivial because, in
general, EoMs must not be inserted into the Lagrangian. However, one can find field transformations which have the
same effect as the application of EoMs and yield Lagrangians that are physically equivalent, see Refs. [67, 68, 79]. A
field redefinition [5, 68] absorbs the first two terms in Eq.(13) in the dim = 4 part of the Lagrangian while the rest is
treated as an interaction term. This is the strategy adopted in Ref. [17] to construct the Standard Model effective field
theory (SMEFT).
Therefore, option b) is an effective realization of the original Lagrangian, where one assumes that the effective theory
will be replaced by a “well-behaved” new theory at some larger scale, therefore justifying a truncated perturbative
expansion in 1/Λ2, even in the quadratic part of the Lagrangian. To summarize, option b) is based on the supposed
existence of a “well-behaved” UV completion which justifies the omission of all unphysical effects. It is worth noting,
see Ref. [157], that the assumption ε = (m2/Λ2)a  1 alone is not sufficient since theories with higher derivatives
have no analytic limit for ε → 0. For more details on higher derivative Lagrangians see Refs. [159–161].
Nevertheless, option a) (10.1) tells us something about the range of validity of the effective Lagrangian, i.e.
1. 0 < m
2
Λ2 a <
1
4 (no tachyons),
2. E µ+, where µ2+ is the upper real (positive) root of Eq.(245) and E is the scale at which we test the predictions
of the effective Lagrangian, i.e. E must be well below the region where the (resummed) theory develops ghosts.
In the realistic SMEFT scenario, bases for effective field theories [45], the so-called Warsaw basis [17] in particular,
are constructed by using the fact that all possible operators in class φ2 D4 (where now D is a covariant derivative)
reduce by EoMs either to operators containing fermions or to classes X3,X2 φ2,φ6 and φ4 D2, where X is any of the
SM field strength tensors. Keeping instead the φ2 D4 class in the zeroth order Hamiltonian would be equivalent to
option a).
Theories obtained by canonical quantization of a second-order Lagrangian, option a), are completely equivalent to the
Pauli-Villars regularization of the corresponding first-order theories. However, the regulator mass is not here taken
to infinity [156]. Other examples can be found in Refs. [162, 163], Abelian gauge theory with a Fµν2Fµν term;
in Ref. [164], with a whole extension of the Standard Model inserting quadratic differential operators; Ref. [165]
discusses effective field theory for general scalar-tensor theories;
Finally, let us consider a top-down approach: in any complete theory a term φ22 φ is part of the φ (light) two-point
function with heavy-heavy or light-heavy internal lines. In this case we compute the light-light self-energy and then
Dyson resum the light propagator. At this point we expand in the heavy scale, perform mass renormalization for the
light particle and get corrections to the light particle wave function. One could think of moving these terms from
the EFT interaction Lagrangian to the wave-function of the light degree of freedom; however, resumming a class of
higher order EFT effects implies that EFT has not been consistently used in the matching 7.
11. Conclusions
In this work 8 we have examined the relationship among a four-dimensional, weakly coupled, field theory X , its EFT
extension XEFT and the class of UV completions of X , say X ′. Technically speaking we are interested in constructing
XEFT up to and including dim = 8 operators.
In developing the SM EFT there is a dual motivation for including dim = 8 operators: it may prove that an analysis
purely at the dim = 6 level is inadequate, or that dim = 8 effects should be accounted for as a systematic uncertainty.
7I am grateful to M. Trott for this comment.
8Some of the issues discussed in this paper partially overlap with the very recent work of Ref. [166].
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Indeed, given the plethora of new physics scenarios that may show up in future precision Higgs measurements only
at the percent level, it is an urgent issue to understand and reduce theory uncertainties so that they do not become a
limiting factor in our searches for new physics.
As stated in the Introduction, EFT is being widely used in an effort to interpret experimental measurements of SM
processes. In this scenario, various consistency issues arise; we have critically examined the issues and argued for the
necessity to learn more general lessons about new physics within the EFT approach.
Every EFT extension of X is a consistent QFT, although differing from X in the UV, i.e. we can calculate in the EFT
without unnecessary reference to the UV physics that is is decoupled. However, if the value of Wilson coefficients in
broad UV scenarios could be inferred in general this would be of significant scientific value. Therefore, the central
question in top-down EFT studies is: given a UV theory, what is the low-energy EFT, and what are its observable
consequences? The answer to this question is of course UV theory specific. We have discussed this scenario from the
point of view of the higher order compensations arising from the removal of “redundant” operators.
The classical LSZ formalism [167] is better handled by using the so-called “canonical normalization”; we have dis-
cussed the interply between canonical normalization, gauge invariance and gauge fixing. Actually, canonical normal-
ization should be understood in a broad sense: 1/Λ corrections to dim= 4 operators are reabsorbed into the parameters
of the dim = 4 Lagrangian. From this point of view it is more convenient to work with the Rξξ -gauge [146], so that
the gauge parameters can also be normalized. Canonical normalization for the βh(βt) tadpole parameter, which is not
strictly needed for SMEFT at LO, will play an important role when constructing SMEFT at NLO [5, 60].
When considering the SM the EFTs are further distinguished by the presence of a Higgs doublet (or not) in the
construction. In the SMEFT the EFT is constructed with an explicit Higgs doublet, while in the HEFT (an Electroweak
chiral Lagrangian with a dominantly JP = 0+ scalar) no such doublet is included. Usability of SMEFT/HEFT in UV
scenarios based on a proliferation of scalars and mixings has also been discussed.
We have analyzed the impact on global fits of different effects: selection of a basis, transformation of basis, truncation
of basis, inclusion/exclusion of canonical normalization. All of them go in the same direction: inconsistent results
usually attributed to SMEFT are in fact the consequence of unnecessary further approximations and multiple opera-
tors, after canonical normalization, should be retained in data analyses. Effective field theories accomplish internal
consistency; quite often, when EFTs are considered in the actual practice, only a limited set of terms is used destroying
the mathematical consistency. Precision tests of the SM in all sectors and critical examination of the EFT framework
have become more important than ever.
A key ingredient of top-down EFT studies is matching a given UV theory onto its low-energy EFT. By this we mean
that, after the Higgs boson discovery, we have a paradigm shift, i.e. we use the EFT for fitting the data. The “fitted”
Wilson coefficients become the pseudo-data and we may take any specific BSM model, compute the corresponding
low-energy limit and choose the BSM parameters to be those appropriate for the pseudo-data.
There are elegant methods for obtaining operator coefficients, which avoid the need for computing complicated cor-
relation functions. They are based on direct evaluation of the functional path integral and we have analyzed in details
some of the subtle points which arise during the process, proper handling of matrix logarithms and non-local terms
due to heavy-light contributions. We argue for the key advantages of having a more precise, one-loop, matching. An
insurgence of non-local terms in the effective action is due to heavy-light effects, although not all of them have a
non-local character (of the form of kinematic logarithms), which is controlled by loop diagrams having normal, as
well as anomalous, thresholds in the low-energy region.
Finally, we have reviewed the effective field theory interpretation of derivative-coupled field theories.
The BSM picture is still incomplete. Paraphrasing Freeman Dyson [168], we can say that some physicists are birds,
others are frogs. Birds fly high in the air (top-down approach) and survey broad vistas out to the far horizon. Frogs
live in the mud below (bottom-up approach) and see only the flowers that grow nearby. They solve problems one at a
time. BSM physics needs both birds and frogs. Physics is rich and beautiful because birds give it broad visions and
frogs give it intricate details (this paper happens to be a frog).
Acknowledgments: I gratefully acknowledge a constructive correspondence with A. David.
46
Appendix A. Field transformations and their Jacobian
Consider a theory with one scalar field and a transformation φ→ φ−a/Λ22φ. As it is well known this transformation
has several effects, including the presence of a Jacobian in the functional integral. The latter shows up as a ghost
Lagrangian (not the FP ghosts however)
c(1− a
Λ2
2)c . (A.1)
The reason why this part of the Lagrangian does note contribute is explained in sect. 2 of Ref. [41]. Here we want to
repeat the argument by giving the proper emphasis to a crucial aspect of any EFT, local-analytic expansion in EFT as
described in Ref. [4]. The ghost propagator is
∆c =
Λ2
a p2+Λ2
. (A.2)
Suppose that we want to use this propagator inside EFT loop diagrams, e.g. for the φ n -point function. It is immedi-
ately seen that loop integration and Λ→ ∞ limit are non-commuting operations. In particular,
∆c ∼ 1+O
(
p2
Λ2
)
, (A.3)
which means that c -loops are zero in dimensional regularization when the limit is first. That one has to expand first
is inherent to EFT, as explained in sect. 3.1 of Ref. [4] and it is due to “separation of scales” and to the fact that the
result of integrating havy degrees of freedom is an effective action that describes non-local interactions between the
low-energy degrees of freedom. To obtain a local effective action the effective action is expanded in terms of local
operators [169].
Appendix B. Higher dimensional operators and FP ghosts
If X is the SM and SMEFT is constructed according to Eq.(1), what about FP ghost fields in L (d),d > 4? This
question is only relevant for NLO SMEFT, nevertheless let us examine the situation in more details. Suppose that
X ′ is the singlet extension of the SM; after fixing the gauge in X ′ and taking the mixing into account we will have
couplings between the heavy Higgs, H, and FP-fields, e.g. X±H X±. At the same time there are H h3 couplings so that
we can generate (in X ′) a tree-level diagram with h h h X±X± external lines and one H internal line. After expanding
the H propagator we obtain an effective vertex with only light fields and FP fields; this vertex can be used to construct
EFT loops contributing to h+ h→ h+ h+ h+ h. This fact raises the question of whether d -dimensional operators
containing FP ghosts should be included in the EFT Lagrangian.
Appendix C. Tadpole and log-tadpole integrals
Tadpole integrals are defined as follows:
Tl, jµ1 ...µl =
∫
ddq
1
(q2+m2) j ∏k=1,l
qµk , (C.1)
which vanishes for odd values of l and gives
T2 i, jµ1 ...µ2i = T
2 i, j
0 δµ1 ...µ2i , δµ1 ...µ2i = ∑
j=2,2 i
δµ1 µ j δµ2 ...µ j−1 µ j+1 ...µ2i . (C.2)
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We need to evaluate
I2 i, j,kµ1 ...µ2i =
∫
ddq
∫ ∞
0
dµ2
1
(q2+M2+) j (q2+m2+)k
∏
l=1,2i
qµl = I
2 i, j,k
0 δµ1 ...µ2i , (C.3)
with M2+ = M
2+µ2 and m2+ = m2+µ2. We derive
I j,k0 =
∫
ddq
∫ ∞
0
dµ2
1
(q2+M2+) j (q2+m2+)k
=
j−1
∑
i=0
(−1)i
(m2−M2)k+i
( k+ i−1
k−1
)
J j−i(M2)+
k−1
∑
i=0
(−1)i
(m2−M2) j+i
( j+ i−1
j−1
)
Jk−i(m2) , (C.4)
where we have defined
Jn(M2) =
∫
ddq
∫ ∞
0
dµ2
1
(q2+M2+)n
. (C.5)
From Eq.(C.4) we see that the J1 functions always appear in the combination
J1(M2)− J1(m2) =
∫
ddq
∫ ∞
0
(
1
q2+M2+
− 1
q2+m2+
)
=
∫
ddq
[
ln(q2+m2)− ln(q2+M2)
]
=
ipi2
2
[
M4 a 0(M)−m4 a 0(m)
]
,
a 0(m) =
1
ε
− ln m
2
µ2R
+
3
2
, (C.6)
with 1/ε = 2/(4−d)− γ− lnpi , γ id the Euler-Mascheroni constant and µR is the ’t Hooft scale.
Log-tadpoles
In deriving the result we have used [170]∫
ddq ln(q2+m2) = − ipi
2
2
a 0(m) =− ipi
2
2
(
1
ε
− ln m
2
µ2R
+
3
2
) ,
∫
ddqq2 ln(q2+m2) = − ipi
2
3
a 1(m) =− ipi
2
3
(
1
ε
− ln m
2
µ2R
+
4
3
) , (C.7)
etc. More log-tadpole integrals are need;
Lt(1) =
∫
ddq
1
q2
ln(q2+M2) , (C.8)
is defined in the strip 2 < Red < 4. The explicit result is
Lt(1) = ipi2 M2
(1
ε
− ln M
2
µ2R
+2
)
. (C.9)
We also need Lt(k) with k > 1. The integral Lt(2) is defined for 4 < Red < 6 etc. By analytic continuation we obtain
Lt(3) =− ipi
2
M2
(1
ε
− ln M
2
µ2R
+
1
2
)
, Lt(4) =
ipi2
2M4
(1
ε
− ln M
2
µ2R
+
1
2
)
, (C.10)
while Lt(2) shows a double pole.
The remaining integrals can be computed using [171]∫ ddq
(q2+m2)n
= ipi2 Fn(m2) ,
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∫
ddq
qµqν
(q2+m2)n
= ipi2 Gn(m2)δµν ,∫
ddq
qµqνqαqβ
(q2+m2)n
= ipi2 Hn(m2)δµναβ , (C.11)
F family
F1(m2) = m2 (
1
ε
− ln m
2
µ2R
−1) ,
F2(m2) =
1
ε
− ln m
2
µ2R
,
Fn(m2) =
1
(n−1)(n−2) (m
2)2−n , n≥ 3 . (C.12)
G family
G1(m2) =
1
4
m4 (
1
ε
− ln m
2
µ2R
+
3
2
) ,
Gn(m2) =
1
2(n−1) Fn−1(m
2) , n≥ 2 . (C.13)
H family
H1(m2) = − 124 m
6 (
1
ε
− ln m
2
µ2R
+
11
6
) ,
Hn(m2) =
1
2(n−1) Gn−1(m
2) , n≥ 2 . (C.14)
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